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t/ At
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ot ox?
IC u(x,0)=f(x) 0<x<1
BC1 u(0,t)=g,() O<t<T
BC2 u(l,t)=g,(t) 0<t<T

L BRI ) R a5 AR -
2. "] Excel BRI - AT -
1. B Epuz 55 HAEA

Ui = Aljg o +(@=24)u; , + AU

i+1L,n

IC. Ui o=TF(x)=0
BCI. Up ni1 = gO(tn+l) =100
BC2. UM ni1 = gl(tn+1) =100
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zMz= RusHRER

4 g D E F & H 1 I |k L M|
1
| 2 |Lamda=| 0500 de= 0100 d= 0005

3

4 | Time & T 2him 5

D 0 1 2 3 4 5 6 7 5 9 10
6 | 0.000 0.0 0.0 00 0.0 00 0.0 0.0 00 0.0 00 0.0
7 [ ooos| 1000 0.0 00 0.0 00 0.0 0.0 00 0.0 00| 1000
5 | 0o 1000 50.0 00 0.0 00 0.0 0.0 00 0.0 500 [ 1000
9 [ 0015] 1000 50.0 25.0 0.0 00 0.0 0.0 00 25.0 500 [ 1000
10] oozo| 1000 62.5 25.0 125 00 0.0 0.0 125 25.0 625 1000
11 [ oozs| 1000 62.5 37.5 125 6.3 0.0 6.3 125 375 625 1000
12 o030 1000 655 37.5 219 6.3 6.3 6.3 219 375 685 1000
13 ] 0035|1000 655 453 219 14.1 6.3 14.1 219 453 685 1000
14 o040 1000 72.7 453 29.7 14.1 14.1 14.1 20.7 453 727 1000
15[ 0045|1000 72.7 512 29.7 219 14.1 219 20.7 512 727 1000
16| 0050|1000 756 5.2 36.5 219 21.9 219 6.5 512 756 | 1000
17 0055|1000 756 56.1 36.5 20.2 21.9 20.2 6.5 56.1 756 | 1000
18] ooe0| 1000 780 56.1 426 20.2 20.2 20.2 1246 56.1 780 | 1000
19| ooes| 1000 780 60.3 426 359 20.2 359 1246 60.3 780 | 1000
20| ooro| 1000 80.2 6.3 48.1 359 35.9 359 481 60.3 802 | 1000
2l | oo7s| 1000 80.2 641 48.1 420 35.9 420 481 6.1 802 | 1000
22 | ooso| 1000 g2l 641 53.1 420 420 420 53.1 6.1 gzl | 1000
23| ooes| 1000 g2l 7.6 53.1 475 420 475 53.1 6756 gzl | 1000
24 | oooo| 1000 533 7.6 576 475 475 475 5746 676 833 | 1000
25 | 0095|1000 533 70.7 576 5246 475 524 5746 70.7 833 | 1000
26| 0doo| 1000 5.3 70.7 616 5246 5246 524 LA 70.7 853 1000

Rl

B TR 4> 21 ﬁﬁi%éf (e A -

Excel A=V[ T?F%E%Hﬁj H]J?Eﬁl@ﬂ%%’}#l}’ Al p A SEEF BTG N AVEY

A c | o | = | rF | & | & | 1 | 1 | =® L M
1
| 2 |Lamda=| 0250 &= 0.100 d= 0003

3

4 | Time T 2hER

5] ¢ 0 1 2 3 4 5 6 7 8 9 10
6 | 0.000 0.0 0.0 0.0 00 00 0.0 0.0 0.0 00 00 0.0
7 | 0003|1000 0.0 0.0 00 00 0.0 0.0 0.0 00 00| 1000
8 | 0005 1000 250 0.0 00 00 0.0 0.0 0.0 00 250 | 1000
o | ooos| 1000 375 6.3 00 00 0.0 0.0 0.0 6.3 375] 1000
10| 0010|1000 453 12.5 16 00 0.0 0.0 L6 12,5 453 | 1000
1] 0013|1000 50.8 18.0 39 04 0.0 04 39 18.0 505 | 1000
12| 0015|1000 549 2.7 6.5 12 02 12 6.5 2.7 549 | 1000
13 ooig| 1000 58.1 .7 9.2 2.3 07 23 92 6.7 58. ] 1000
14 ooz0| 1000 60.7 302 119 36 15 36 119 302 607 | 1000
15| 0023|1000 62.9 33.2 144 5.1 25 5.1 144 332 6209 1000
16| 00z5] 1000 64.3 359 165 65 38 6.3 165 359 645 1000
17 oozs| 1000 66.4 384 19.1 86 5.3 86 19.1 384 664 | 1000
18] 0030 1000 678 40.5 213 104 69 104 213 405 675 1000
19 0033|1000 69.0 425 234 122 87 122 234 125 600 | 1000
20 | 0035] 1000 70.1 444 25.4 14.1 104 14.1 254 444 700 [ 1000
21 | 0038|1000 712 46.1 273 160 123 16.0 273 46.1 712 ] 1000
22 | 0040|1000 721 476 20.2 179 14.2 17.9 20.2 175 720 | 1000
23| 0043|1000 73.0 49.1 310 198 16.0 19.8 310 19.1 730 1000
21 | 0.045] 1000 73.8 50.6 2.7 216 17.9 216 2.7 505 738 1000
25 | oo48| 1000 74.5 519 4 235 198 235 344 519 745 1000
26 | 0050 1000 752 53.2 360 25.3 216 25.3 360 532 752 | 1000
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AEBUF BT I .

» FHERE S FLF AR -

W AS12H -

1)

a

c |

& p | e | F | o6 [ v | 1 T 1 T & T
1
| 2 |Lamda= 1,000 &= 0100 a= 0010
2
4 | Time 1 T BhiR5E
5| ¢ 0 1 2 3 f 5 6 7 8 g 10
£ | 0000 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
7 [ oo 1000 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 00| 1000
8 | ool 1000|1000 0.0 0.0 0.0 0.0 0.0 0.0 00| 10| 1000
o [ o000 1000 00| 1000 0.0 0.0 0.0 0.0 0o 1000 00| 1000
10 0040 1000] 2000] 00.0)]  100.0 0.0 0.0 00| 1000 (o000 2000 1000
1] 0050 1000] cooos| 4000] coom| 1000 00| 1000] cooo 4000] cooo| 1000
12 0060 1000] 7000| @ooo| 7000] cooo| 2000 cooo  7000] @000 7000 | 1000
13 o070 | 1000 aoon)| 22000 (soo0)] 12000 w000 12000 aso0.0)] 22000 @soo0)] 1000
14| 0080  1000] 37000 | 400y 52000 | Geoo0)| 32000 | Geoo0y| 52000 | (s400.0)] 37000 | 1000
15 0090 1000 0000.0) 143000 | (14400.0) 122000 | (L0800.0)] 122000 | (14400.0) 143000 (9000.0) 1000
16| 0100 1000 23400.0 | (37700.0)] 40900.0 | (37400.0)] 35200.0 | (3740003 40900.0 | (37700.0)] 234000 | 1000
e Ayl — B AR [ FRETE T Rt g o AP e s gt B
El’,‘ﬁ?{%ﬁ%ﬁfj%ﬁj}ﬂ‘ﬁ@ HA> 1/2 Eﬁ 6 % & BT PRI > RLpT R 2 T A
_ = =2y 7 A~ [
s =10+ A= 20  A00 - Sl UL T o [ A= AU [N
VI T P T R RS AR T R PR R R R %]
F’éﬁf‘?ﬁ*’ iﬁégﬁl B A= AtI(AX)? [EELHCEA T ) (5 9 2 e
100 S —t—= —— 0,000
— 4 :
—— 0.020
oL\ N e B B B iy
g 80 \\, \ - = / / —=— 0050
s 70 g —— ¥/
| —
o \ / —— 0100
£ 60 : ;
o —— 0.150
e \ / — 0,200
@
g 40 N —a— 0.2580
— /
5 30 N L7 e 0300
£ 20 \ g /
O —— 0.380
10 \. / e 0,400
R
0
o 1 2 3 4 5 6 7 8 9 10
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FWE RHDHENX

SI0E1  RBIVBREDLLUA

= BTEIVET A7 AR E I ST T R P T 3T REST I
o f EL K “ﬁ?&i fii?l? W ETE R A PR
& RGN BT - I S RGET FTEVREIERIR - TR AR (11-3.2)
# ) FA 7 Ry i Y Fuaﬁﬂﬂﬂﬁéﬂﬁﬂﬁ.ﬁﬁ ORI il JPR 105 B s JTE

u

in+l —u

At AX?

in _ Uina = 2Uina TUigng (11-4.1)

n+1

Xi.1 X Xis1
115 HMEHZIAE R HE uy

THE A =A(AX)? > [l RSO SEPREAOSE B ) R

MI -1,n+1 + (1+ Zl)ul n+l ﬂ“qu n+l = ui,n (11'42)

IC. Ui o= F(x)
BC1. Up na = go(tm—l)
BC2. Un not = 91 (thia)
fi]ﬁfgjt = tnﬁﬁ ’fl{%i%ﬁ'?l EYEE el }{—ru%ﬂ (11-4.2) BRI 9= SFERRY
e

A113)

VAR B



B {ERnIEER

[1+20 -2 0o - 0 0 0 [ Upps | [ Upe +24g, |
-4 1424 -4 - 0 0 0 U et T
0 -2 1422 - 0 0 0 Uzni T
0 0 0 - 1424 -2 0 : :
0 0 0 - -1 1+22 -4 : Upi_on
0 0 0 - 0 A 1422 |Uyana | [Uman +270;
(11-4.3)
ﬁﬁf? Ui R R S ) [‘ﬁ’ﬁru;fﬁu TR R« 5
P S REPRRENE - S H R T 6 g‘[ﬂtc% SV AT s B R g -
S BER - EUHBRESE (Crank-Nicolson Method)
I R ;*ﬁprtﬂi fl1 o W\EI‘“? I3 ii_}i‘juxxﬂjm ;J:jzﬂrﬁrg (VR (B 55 3
B3R T R U] murwuawww JURYRI (e ) B AT - T
[l [ v o o Bk ”E]ﬁl*%&* BREE S L Rl i) o P Tﬁ{ﬁ@

SRRl i %F,M S AR 5T U IR U
3 T 5T S~ BT B AT o I 106 ¢

116 A —RZINES RIELRESD  BEE FI{EH#EE U

YRR (11-3.1) Fik Ppoisfii i) g

0<x<1 0<t<T

ou_ou
ot ox?

IR AT R LN RN CESE S
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a_U:ui,nJrlA;ui,n +O[(At)2]

ot
2
u U, ,—2u; . +uU
82 _ i-1,n |,2n i+1,n O[(AX) ] X ,n
X" | grer, AX
d%u Uit st = 2Ui nyg +Uigs [ }
5_2 = Ax2 +0|(AX)° |= [ Ui nst
X @t=t,, X

F I Ul P Ty e = R TRIRE A P2 53 T8 JV3— IS A o T DN sy
o ;955 Q- 9) S, (11-4.4)

IA[HI@”(; TR (11-3.1) H I ;Hﬂr, T A &cly]dj,»;w R ERR A 53 H A
u

i,n+1_ui,n

At

o< g<1 - %ﬂﬁIS O R A ELEH 2 53 1 F4]0<9<1E4T;gt REE - EEA
EBRXESE—HBERRK -
WA (11-4.5) AR K T HE]

= 982U 1 + (- 9) S, , +O[(At)? + (A%)?] (11-4.5)

Xln

1 1
= Ay i +(5+2/1)Ui,n+1 Ay g =AU g "‘(5‘21)“ + i o
(11-4.6)
W (11-4.6) I Hi9=1/20 > AP ERER - ERRBRES L - I
AR (11-4.6) 1 RS

//i’ul -1,n+l + 2(1+ ﬂ“)u ﬂ’ui+1,n+1 :ﬂui—l,n + 2(1—/1)U +Au

i+1,n

(11-4.7)
TR = GF o RRRRIE 0 ST W R R AT

0 (L1-4.6) A0S B
éu(ml) :EL_J(H) +g (11'48)

i,n+l

Eh
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L R . B 0
9
s £+2/1 R 0 0
9
0 A 1 24
A= AN
: -1 0
0 0 0 £+2/1 -1
9
0 0 0 -A l+2/1
L 9
1—21 A 0 0 0
4
A 1—21 A 0 0
4
1
B- 0 A 5—2/1
A 0
1
0 0 0 — =24 A
9
0 0 0 A 1—21
L 9 ]
ﬂ'(go,n + gO,n+l)_
0
0
C= :
0
_ﬂ“(gl,n + gZ,n+1)_
U(n)z[um Upn Uz o Uy_on uM—1,n]T
U(Ml) [U1n+1 Upnit Ugpi o Um—ona uM—l,n+1]T
AT EE a&ﬁuﬁ’ﬁﬁﬁﬁ@ STy *H“Ji?" SYDR A A T 5 A R o g
P 5T IR MR ST R ERR R > HE EEAE T *W’Euﬂéﬁﬁ‘iﬂlﬁﬁ @’5’7?@5{%'%

W’er L # (Forsythe & Wasow) ¥ [5[ 9 (64-1)/124 Eijf s AT e g
O[(AX) j ﬁl $=(64-1/124 °' A= 1/\/_E9ﬁ o3[ if?‘ FRIEAN U 6 = I AU
0[(AX) ] | H%ﬂy \LT&F’??E it sz g » T” HESRE T Tﬁlﬂﬁﬁ af pIEEES o

SRR 53 6 120 L SRR T (R A 1 R
e U lﬂ&“ﬁ 'ma;fgm B
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@JEE NPl FIANES - EUABRED LM T EEE
%Ar—g;y[?ﬂ 9-1 UL AY > T I RIER T o HRVR ST ERE () =0 5 MR S

[N > AR REE ST HIERGo () =100t gy () = 100t% o (= A5 Vg R A (= | I H 1
IR SR T eI Bt PN
(%uzzxig 0<x<1 0<t<T
IC u(x,0)= f(x) 0<x<1
BC1 u(0,t)=g,(t) O<t<T
BC2 u(Lt)=g,(t) O<t<T

1.%ﬁwﬂﬁﬁﬂﬁﬁﬁﬁ@%ﬁ%%ﬁo
2. HFa=1 %ﬂﬂ@?%ﬂ%%%%@?’%iﬁﬁﬁ%o
EA A E s 53 A

1 1
— A+ (5 +2A)U; gy — iy = Al g + (5 = 2A)U; o + AWy

BCl. Ug ny= go(tn+1) 100t 7,y
BC2. UM n+l — gl(tn+1) 100tn+1

% TSRS 0 AR B8 SRS VD = 4 T
f_?’rz' F[EJ o

5]

Tkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

' SOLUTION OF Parabolic P.D.E.
'"BY Crank-Nicolson Method

nnnnnnnnnnnn

" Program Developed by Dr. Ron Hsin Chang
" Copyright 1988, 2001

"Example 11-2

Sub CrankNicolson (Xpos, Ypos)
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Dim U (50) As Double
Enter Basic Data & DEFINE THE PROBLEM

Cls

Print

Print " Solution of Parabolic PDE by Crank-Nicolson Method"
Print

ID=2

Print "Define Finite Difference Parameters”

Print"ID=1 Parameter to be defined by user"

Print"ID=2 Crank-Nicolson's Theta = 1/2 will be used."

Print"ID =3 The Forsythe & Wasow's optimal parameters will be used."
ID = Val (InputBox ("ID =", "Crank-Nicolson Method ID", ID) )
Print"ID="; ID

N =20

Print "Number of X-Grid"

N = Val (InputBox ("N =", "No. of X-grid", N) )
Print"N="; N

Tmax = 0.25

Tmax = Val (InputBox ("Maximun Time =", "Tmax", Tmax) )
Print "Maximum T =", Tmax

Print

Forl=1ToN-2
uih=0
Next |
BC10=0
BC20=0

Call CrankNicolsonSolver (ID, N, U, BC10, BC20, Tmax)
End Sub

Sub DefineProblem (Entry, Nm2, A, B, C, D1, D2, D3, U, Z, BC1, BClold, BC2, BC20ld, Lamda, Theta)

' DEFINE The Problem

If Entry = 1 Then

Entry #1
' Set up Parameters
Forl=1ToNm2
C () = -Lamda
A(l)=1/Theta +2* Lamda
B (I) = -Lamda
3(

D3 (I) = Lamda
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D1(l)=1/Theta-2* Lamda
D2 (I) = Lamda

Call Echo (Nm2, A, B, C, D1, D2, D3)
Else

Entry #2
Get Parameters back

BClold = BC1
BC2old = BC2

Calculate Z (I)

Z (1) =Lamda * (BC1 + BClold) + D1 (1) *U (1) + D3 (1) * U (2)
Forl=2ToNm2-1
Z(=D2(NM*U(-1)+D1(H*UM+D3(H*U(+1)
Next |
VA ()lilmZ) = D2 (Nm2) *U (Nm2 - 1) + D1 (Nm2) * U (Nm2) + Lamda * (BC2 + BC2old)

End If
End Sub

Sub BoundaryConditions (BC1, BC2, Time)
Alpha=0

BC1 =100 * Time " Alpha

BC2 =100 * Time ~ Alpha

End Sub

Sub CrankNicolsonSolver (ID, N, U, BClold, BC20ld, Tmax)

" Finite Difference Parameters
"D =1 Parameter to be defined by user
‘ =2 Crank-Nicolson's Theta = 1/2 will be used.
=3 The Forsythe & Wasow's optimal parameters will be used.

" N = NUMBER OF X-GRID
U = INITIAL CONDITION VECTOR
' /RETURN : SOLUTION
" Tmax = MAXIMUM TIME
AB.C = TRIDIAGONAL MATRIX COEFFICIENT VECTOR

D1,02,D3 = TRIDIAGONAL MATRIX COEFFICIENT VECTOR
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Dim A (50), B (50), C (50) , D1 (50) , D2 (50) , D3 (50) , Z (50) , V (50) As Double

Define Crank-Nicolson Parameters

Nml=N-1
Nm2=N-2
Print "Case ID ="; ID
Select Case ID
Case 1,2
Dtau=0.5/Nm1/Nml
Print "Time Step Size"
Dtau = Val (InputBox ("dt =", "Time Step", Dtau) )
Print "Dtau = "; Dtau

Lamda = Dtau * Nm1 * Nm1
Print "Lamda = "; Lamda
Theta=0.5
If ID =1 Then
Theta = Val (InputBox ("Theta = ", "Crand Nicolson Theta", Theta) )
End If
Case 3
Lamda =1/ Sqr (20)
Theta = (6 * Lamda - 1) / 12 / Lamda
End Select

Print "Lamda =", Lamda
Print "Theta = ", Theta
MsgBox ("Ready to Proceed")

Cls
Dtau = Lamda / Nm1/ Nm1l
M = Int (Tmax / Dtau + 0.99)

Call DefineProblem (1, Nm2, A, B, C, D1, D2, D3, U, Z, BC1, BClold, BC2, BC2o0ld, Lamda, Theta)

Debug.Print "*** SOLUTION:"
ltime =0
Debug.Print Format (Itime * Dtau, "0.00E+00 ") ;
Debug.Print Format (BC1old, "0.000E+00 ") ;
Forl=1ToNm2
Debug.Print Format (U (1) , "0.000E+00 ") ;
If (Int (1/10) = 1/ 10) Then Debug.Print
Next |
Debug.Print Format (BC20ld, "0.000E+00 ") ;
Debug.Print

For Itime=1To M
Call BoundaryConditions (BC1, BC2, Itime * Dtau)
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Call DefineProblem (2, Nm2, A, B, C, D1, D2, D3, U, Z, BC1, BClold, BC2, BC2old,

Lamda, Theta)

Call Tridiagonal (1, Nm2, A, B, C, Z, V)

Debug.Print Format (Itime * Dtau, "0.00E+00 ") ;

Debug.Print Format (BC1, "0.000E+00 ") ;

For1=1ToNm2
Debug.Print Format (V (1), "0.000E+00 ");
If (Int (1/10) = I/ 10) Then Debug.Print
u@=v

Next |

Debug.Print Format (BC2, "0.000E+00 ") ;

Debug.Print

Next Itime
End Sub

Sub Tridiagonal (Nstart, N, A, B, C, Z, V)

‘ SUBROUTINE JACOBI

"N = No. of Equations

"A,B,C  =Tridiagonal Coefficients of Equations
"Alpha = Intermediate Coefficients

'Gamma = Intermediate Coefficients

A = Constant Vector

"V = Solution Vector

Dim Alpha (50) , Gamma (50) As Double
Alpha (Nstart) = A (Nstart)

Gamma (Nstart) = Z (Nstart) / Alpha (Nstart)
N1 =Nstart+1

-- LU DECOMPOSITION
For1=N1ToN
Alpha (1) =
Gamma (1)

Next |

A()-B()*C(I-1)/Alpha(l-1)
=(Z()-B(I) *Gamma (I - 1) ) / Alpha (1)

" --BACK SUBSTITUTION

V (N) = Gamma (N)

Last = N - Nstart

For K =1 To Last

=N-K

()=Gamma(l)-C(I)*V (I + 1)/ Alpha (I)
Next

'-- CHEER by Ron Hsin Chang, Copyright 2001
End Sub

11-21

“OUAL B



B {ERnIEER

11-22

“OUAL B



FWME RHDHEX

AR ERARA

1. E|#23z{ Sub CrankNicolsonSolver (ID N, U, BClold, BC2o0ld, Tmax)
ID £53k 7 Crank-Nicolson ‘xgr“*]%l ij“ﬁr;ﬁJ o
N 55 x S AR~ RREE T -
Uﬂ@%ﬁﬁo
BClold ™ BC2old FiH[H] t=0 [Ff 135 il T -
Tmax HE*J‘FEI t A il e
?ﬁéi J F22gg > p=L] CrankNicolsonSolver (1D, N, U, BClold, BC20ld, Tmax) A[/f’
1:'75f§T°

2. EIf23X Sub BoundaryConditions (BC1, BC2, Time)
PP P R BRI R 5 PR B = Time B0 B e
-

3. HIF2= Sub DefineProblem (Entry, Nm2, A, B, C, D1, D2, D3, U, Z, Aold, Bold,
Cold, BC1, BClold, BC2, BC20ld, Lamda, Theta)
PRI Tp B BRI R o e
Entry=1 Eﬁ C HECERRTEL A E (HEGIA B C o e
Entry= ZEﬁ B E“ﬁgﬁtﬁj*] i t=Time EﬂUKﬁl 0 Z -

4. B)F23 Sub Tridiagonal (N, A, B, C, Z)

PR ok e SRR R - A -

21 VP TR S B R T S ORI SR @fnﬁgsw
Trldlagonal (N, A B, C, 2) ;hET A u[i]‘ag 41 A, B, C,Z ﬁ?&ﬁg’f?%\l
[R s 2 F SRR - .'-?';h’f °

I B R ST BT - 273 [ Alpha (1) % Gamma (1) {451
FJ?T?%‘ il e T -

HIREHERER

N=11 > 1D=2 Gr i s op
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i C,

3.00E+00

-5.00E-01

A, B g 1‘%

-5.00E-01
3.00E+00
-5.00E-01

92 IR

-5.00E-01
3.00E+00
-5.00E-01

-5.00E-01
3.00E+00
-5.00E-01

-5.00E-01
3.00E+00
-5.00E-01

lfi%j]] D3, D1, D2 Fl’?@%‘%ﬁlflf SRR

1.00E+00
5.00E-01

5.00E-01
1.00E+00
5.00E-01

5.00E-01
1.00E+00
5.00E-01

5.00E-01
1.00E+00
5.00E-01

*** SOLUTION :

Time
0.00E+00
5.00E-03
1.00E-02
1.50E-02
2.00E-02
2.50E-02
3.00E-02
3.50E-02
4.00E-02
4.50E-02
5.00E-02
5.50E-02
6.00E-02
6.50E-02
7.00E-02
7.50E-02
8.00E-02
8.50E-02
9.00E-02
9.50E-02
1.00E-01
1.05E-01
1.10E-01
1.15E-01
1.20E-01
1.25E-01
1.30E-01
1.35E-01
1.40E-01
1.45E-01
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x=0 01 0.2 03

5.00E-01
1.00E+00
5.00E-01

0.4 0.5

-5.00E-01
3.00E+00
-5.00E-01

-5.00E-0
3.00E+00
-5.00E-01

-5.00E-01
3.00E+00
-5.00E-01

5.00E-01
1.00E+00
5.00E-01

5.00E-01
1.00E+00
5.00E-01

5.00E-01
1.00E+00
5.00E-01

0.6 0.7 08 0.9

-5.00E-01
3.00E+00

5.00E-01
1.00E+00

10

0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00

1.000E+02 3.431E+01 5.888E+00

1.011E+00 1.784E-01 5.947E-02 1.784E-01 1.011E+00 5.888E+00 3.431E+01

1.000E+02 4.853E+01 1.665E+01 4.294E+00 1.024E+00 4.205E-01 1.024E+00 4.294E+00 1.665E+01 4.853E+01

1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02

5.650E+01 2.528E+01
6.171E+01 3.197E+01
6.544E+01 3.728E+01
6.830E+01 4.163E+01
7.059E+01 4.531E+01
7.250E+01 4.851E+01
7.415E+01 5.136E+01 3.396E+01
7.560E+01 5.394E+01 3.720E+01
7.691E+01 5.631E+01 4.026E+01
1.000E+02 7.810E+01 5.850E+01 4.315E+01
1.000E+02 7.921E+01 6.056E+01 4.589E+01
1.000E+02 8.025E+01 6.249E+01 4.849E+01
1.000E+02 8.122E+01 6.431E+01 5.096E+01
1.000E+02 8.213E+01 6.604E+01 5.331E+01
1.000E+02 8.300E+01 6.768E+01 5.554E+01
1.000E+02 8.382E+01 6.923E+01 5.767E+01
1.000E+02 8.459E+01 7.071E+01 5.969E+01
1.000E+02 8533E+01 7.211E+01 6.162E+01
1.000E+02 8.604E+01 7.344E+01 6.345E+01
1.000E+02 8.671E+01 7.471E+01 6.520E+01
1.000E+02 8.734E+01 7.592E+01 6.686E+01
1.000E+02 8.795E+01 7.707E+01 6.845E+01
1.000E+02 8.852E+01 7.817E+01 6.995E+01
1.000E+02 8.907E+01 7.921E+01 7.139E+01
1.000E+02 8.959E+01 8.021E+01 7.276E+01
1.000E+02 9.009E+01 8.115E+01 7.406E+01
1.000E+02 9.056E+01 8.205E+01 7.530E+01

1.398E+01
1.860E+01
2.288E+01
2.684E+01
3.052E+01

5.592E+00 3.304E+00
8.830E+00 5.909E+00
1.235E+01 9.029E+00
1.598E+01 1.245E+01
1.963E+01 1.602E+01
2.323E+01 1.963E+01
2.67AE+01 2.320E+01
3.014E+01 2.670E+01
3.341E+01 3.008E+01
3.655E+01 3.335E+01
3.955E+01 3.648E+01
4.242E+401 3.948E+01
4516E+01 4.235E+01
4.7TTE+01 4.509E+01
5.026E+01 4.771E+01
5.263E+01 5.020E+01
5.489E+01 5.257E+01
5.704E+01 5.484E+01
5.910E+01 5.699E+01
6.105E+01 5.905E+01
6.291E+01 6.100E+01
6.468E+01 6.286E+01
6.637E+01 6.464E+01
6.797E+01 6.633E+01
6.950E+01 6.794E+01
7.096E+01 6.947E+01

9.071E+00 2.879E+00 1.441E+00 2.879E+00 9.071E+00 2.528E+01 5.650E+01

5.592E+00 1.398E+01 3.197E+01 6.171E+01
8.830E+00 1.860E+01 3.728E+01 6.544E+01
1.235E+01 2.288E+01 4.163E+01 6.830E+01
1.598E+01 2.684E+01 4.531E+01 7.059E+01
1.963E+01 3.052E+01 4.851E+01 7.250E+01
2.323E+01 3.396E+01 5.136E+01 7.415E+01
2.674E+01 3.720E+01 5.394E+01 7.560E+01
3.014E+01 4.026E+01 5.631E+01 7.691E+01
3.341E+01 4.315E+01 5.850E+01 7.810E+01
3.655E+01 4.589E+01 6.056E+01 7.921E+01
3.955E+01 4.849E+01 6.249E+01 8.025E+01
4.242E+01 5.096E+01 6.431E+01 8.122E+01
4516E+01 5.331E+01 6.604E+01 8.213E+01
4.77T7TE+01 5.554E+01 6.768E+01 8.300E+01
5.026E+01 5.767E+01 6.923E+01 8.382E+01
5.263E+01 5.969E+01 7.071E+01 8.459E+01
5.480E+01 6.162E+01 7.211E+01 8.533E+01
5.704E+01 6.345E+01 7.344E+01 8.604E+01
5910E+01 6.520E+01 7.471E+01 8.671E+01
6.105E+01 6.686E+01 7.592E+01 8.734E+01
6.291E+01 6.845E+01 7.707E+01 8.795E+01
6.468E+01 6.995E+01 7.817E+01 8.852E+01
6.637E+01 7.139E+01 7.921E+01 8.907E+01
6.797E+01 7.276E+01 8.021E+01 8.959E+01
6.950E+01 7.406E+01 8.115E+01 9.009E+01
7.096E+01 7.530E+01 8.205E+01 9.056E+01

1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
1.000E+02
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150E-01 1.000E+02 9.102E+01 8.291E+01 7.648E+01 7.235E+01 7.093E+01 7.235E+01 7.648E+01 8.291E+01 9.102E+01 1.000E+02
1.55E-01 1.000E+02 9.144E+01 8.373E+01 7.760E+01 7.367E+01 7.231E+01 7.367E+01 7.760E+01 8.373E+01 9.144E+01 1.000E+02
1.60E-01 1.000E+02 9.185E+01 8.450E+01 7.867E+01 7.493E+01 7.364E+01 7.493E+01 7.867E+01 8.450E+01 9.185E+01 1.000E+02
1.65E-01 1.000E+02 9.224E+01 8.524E+01 7.969E+01 7.613E+01 7.490E+01 7.613E+01 7.969E+01 8.524E+01 9.224E+01 1.000E+02
1.70E-01 1.000E+02 9.261E+01 8.595E+01 8.066E+01 7.727E+01 7.610E+01 7.727E+01 8.066E+01 8.595E+01 9.261E+01 1.000E+02
1.75E-01 1.000E+02 9.297E+01 8.662E+01 8.159E+01 7.835E+01 7.724E+01 7.835E+01 8.159E+01 8.662E+01 9.297E+01 1.000E+02
1.80E-01 1.000E+02 9.330E+01 8.726E+01 8.246E+01 7.939E+01 7.833E+01 7.939E+01 8.246E+01 8.726E+01 9.330E+01 1.000E+02
1.85E-01 1.000E+02 9.362E+01 8.787E+01 8.330E+01 8.037E+01 7.936E+01 8.037E+01 8.330E+01 8.787E+01 9.362E+01 1.000E+02
190E-01 1.000E+02 9.393E+01 8.845E+01 8.410E+01 8.131E+01 8.035E+01 8.131E+01 8.410E+01 8.845E+01 9.393E+01 1.000E+02
1.95E-01 1.000E+02 9.422E+01 8.900E+01 8.486E+01 8.220E+01 8.129E+01 8.220E+01 8.486E+01 8.900E+01 9.422E+01 1.000E+02
2.00E-01 1.000E+02 9.449E+01 8.953E+01 8.558E+01 8.305E+01 8.218E+01 8.305E+01 8.558E+01 8.953E+01 9.449E+01 1.000E+02
2.05E-01 1.000E+02 9.476E+01 9.003E+01 8.627E+01 8.386E+01 8.303E+01 8.386E+01 8.627E+01 9.003E+01 9.476E+01 1.000E+02
2.10E-01 1.000E+02 9.501E+01 9.050E+01 8.693E+01 8.463E+01 8.384E+01 8.463E+01 8.693E+01 9.050E+01 9.501E+01 1.000E+02
2.15E-01 1.000E+02 9.525E+01 9.096E+01 8.755E+01 8.537E+01 8.461E+01 8537E+01 8.755E+01 9.096E+01 9.525E+01 1.000E+02
2.20E-01 1.000E+02 9.547E+01 9.139E+01 8.815E+01 8.607E+01 8.535E+01 8.607E+01 8.815E+01 9.139E+01 9.547E+01 1.000E+02
2.25E-01 1.000E+02 9.569E+01 9.180E+01 8.871E+01 8.673E+01 8.605E+01 8.673E+01 8.871E+01 9.180E+01 9.569E+01 1.000E+02
2.30E-01 1.000E+02 9.589E+01 9.219E+01 8.925E+01 8.737E+01 8.672E+01 8.737E+01 8.925E+01 9.219E+01 9.589E+01 1.000E+02
2.35E-01 1.000E+02 9.609E+01 9.256E+01 8.977E+01 8.797E+01 8.735E+01 8.797E+01 8.977E+01 9.256E+01 9.609E+01 1.000E+02
240E-01 1.000E+02 9.628E+01 9.292E+01 9.025E+01 8.854E+01 8.795E+01 8.854E+01 9.025E+01 9.292E+01 9.628E+01 1.000E+02
2.45E-01 1.000E+02 9.646E+01 9.326E+01 9.072E+01 8.909E+01 8.853E+01 8.909E+01 9.072E+01 9.326E+01 9.646E+01 1.000E+02
2.50E-01 1.000E+02 9.662E+01 9.358E+01 9.116E+01 8.961E+01 8.908E+01 8.961E+01 9.116E+01 9.358E+01 9.662E+01 1.000E+02
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lﬂffﬂjyiﬂéqgj:iﬂjﬁf*ﬁﬁ 2 AILESY fﬂﬂ 18] IJ_ wﬁgguﬁiﬁ g[]—ﬁﬁ

(11-5.1)

o H 1

PR 5T RLF Pt = B E R e ED*JF'Eﬁ;} HIFTE T = tha Bt = taeaflUerf]
y_iﬂ .it_tnﬁﬂuﬂf; T o FP G ipuﬁ"%@ﬂ JFn = Eg]:F %kkpﬂaﬂ =

l

e F@%)Eﬁ’%* H‘%[ [}i%ﬂﬂj%g;% ?ﬁfgﬁ—hU[;@:
2:IF,I ’ E[H%”E'Jfgﬁ ﬁ fi%&lﬂd —'ﬁﬂb:,_ 53 HAEE (11-5.1) I,EEE‘{‘%TO

2. DEEXEK

» HIt = tf

- oA IR S ) T s

k

=% T iﬁﬁg{%}‘ IH SHE A ;f@—t ] %[U,,TE[%ELJQM

‘\ N/_”

T A3k (Saul’yev Method) BLHU% Hdss, F‘% BT R TR O R

:gg PRI EF AP e 8 R PRLA %Mﬂ [T 0 118

X BithS wmn X = 0 Bl » 4R7) x T [

s oy R x g A fil

%JﬁF P ERHEIX [T e BSHUGTE o PP EFNES o - SV pEi o - R

[FiFi o5 o H 5T Fe 20

u

i,n+l_ui,n ui—l,nﬁ-l_ui,n+l_ui n+u|+1n
At AX?
ui,n+2 _ui,n+1 _ ui—1,n+1 _ui,n+1 _ui,n+2 +ui+1,n+2
At AX?
tn+1 1 . L tn+1
t —® 3% —© % t

Xi.1 Xi Xj1 X1 X Xi1

a2 SNEEL Vi s WAL
B 118 DREXENAZHSTARITES
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3. hu#i%
Fv &3k (Larkin Method) ==V & AE AT - F[2 ] EFHJ Fil [F] R A ST lﬁ%ﬂ' 11.9
Fr=. ’%ﬁﬁﬁﬂ“ X = F‘aﬂﬁF SRR X R - Tl ffa%!‘ FIF X fy
ﬁ*l’iﬂ‘lf'ﬂﬁﬁ s FRE X @{HJH%JP e JRE > JVE T R *ﬂg\'fiﬂ fif] o 3
73 FA AU

) | o

L b L
< e
t, t
Xi 4 X Xis1 Xi4 X Xiw1
Emfasn — X e efasn — X

B 119 JEEFRERZ-ZARESEFESE

pi,n+1_ui,n _ pi—l,n+1_ pi,n+1 U +u|+1 n

11-5.4
Coa—U U, ~—U =0 . +0
ql,n+l i,n _ i-1,n i,n qlz,n+1 q|+l,n+1 (11_55)
At AX
1
Ui nst :E(pi,ml + qi,n+1) (11-5.6)

S\E _—iER=IERMDHIED V4

S ZHRYBRRHE D FEX

YR AEPIPIR 5T T A BT ] — T AER R

ou d’u 0%

au_cu, ou 11-6.1
ot ox? oy? ( )
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(R PO TR (11-6.0) SRR 5T R -

L ERENE
R (11-6.1) SR EIE 5 HARE - LR U % x
R IE = E R R Y -

Migonea 7Y g _uiflliv”_zuiyj n Ui jon o Ui — 2050 F UG jaan
At Ax2 Ay?
=5, i “+5>2' ij.n (11-6.2)

(S E ek AL A S A U (R e N o A R R AR (e O
U E R 25T PR Rl B AR IR £

At [(ax) 2+ (Ay)-z]s% (11-6.3)
2. BREDE

W (11-6.0) S PRI ) WHAE  Ovy IR A a7
NN

ui,j,n+1_ui,j,n :ui—l,j,n+1_2u| j, n+1+u|+1 j,n+l +ui,j—l,n+l_2u| i, n+1+u| j+1,n+1
At AX? Ay?
—55 i,j,n+l 532/ui,j,n+l (11_64)
By RO ERL B ax=4y 2 A= AtI(AX)® 5 B THFHE (11-6.4) Frl)BE
IR £,
-, i-1, j,n+l ﬂui,j—l n+1+(1+4ﬂ')u| jon+l ﬂui,j+l,n+1 /lu|+l j, n+1_ui,j,n
(11-6.5)

Bt o 53 R - AR SRR A SR AR S B R S AR
ER N RS D [“'ﬁlﬁ’?n AR iﬁ‘/ﬁ - WRE R
o — HEhyE I > FIF TR iﬂlif”{@n s o prHERON s 2
BT 5 W5 PUR] ax 0o AUIVEECT p i - ) SO IR 20 IRt EREEe i fllfer
B R O R BTG RIS M R o (3 AN = - S BREE R RET R IR
TR SRR AR AR« SR B AR - HET R
Wl o BLH 2 I
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ERUITRXTEENE
AR (11-6.0) SSIRFE S AR I - L AT R
53 A SR SO SEI A AA B 0 S e
ST Bk o £ a’f?i R i’fs‘ﬁ:’? (Douglas) 7= IR % o7 ik
I =ty G | i ﬁﬁﬂ@sg}w FIATEt=toryol) > FFHET XAz 55
YU RSB RI AP t = W pORRRIF T - B f¢“4wﬁﬁﬁyﬂw
21 XY ERRIAT I~ pLRE R = o VEPRIGT LY -
S SR R 1 R E ) WA

Viijnaz =Uijn Viaj e = 2V; a2 FVis, jonsas2

At/2 AX?
" ui,j—l,n+l —2U| j.n+l +U| j+1,n+1
Ay?
2
= 5xvi,j,n+1/ 5 ul j,n+l (11-66)
ui,j,n+1 - Vi,j,n+1/2 _ Vi—1,j,n+1/2 - 2Vi,j,n+1/2 + Vi+1,j,n+1/2
At/2 AX?
n ui,j—1,n+1 - 2u| j.n+1 + ul j+1Ln+1
Ay®
— 2
§xvl j,n+1/2 + §yui,j,n+l (11-67)
RIS = BHAGE SRR B
=Ny iz F2Q+H AV a2 = Nia e
=AU g0 2= A o+ AU g, (11-6.8)
ﬂ‘ul -1, ], n+1+2(1+l)u| jon+l wi+l,j,n+l
=V a2 T2V onez T AV a2 (11-6.9)

RER > PRI A (10-6.8) FHEITEL =t O HNRTH R « SR
#[ | —tﬁgﬂ (11-6.9) FHET™ ~ BEH (Tt = o) pURGHU - TR
(11-6.8) » HF' (11-6.9) Ejf] ?ﬂ TN 71:?,[ [ulﬁlrﬁ‘“:ﬁ;ﬁ S e
_.LFJZiiiTEJZi TR ST lﬂﬁﬂﬂi}yy}ﬁ HH%F“ b o
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S ZHRYBE RS HERX

B HiE= ?"é?@?ﬁé'\]’ﬂ (%55 RS B ] — = AR @%’#Fﬁ]@
ou o°u o°u @
T A2 T a2z T2
ot ox° oy° oz

Lt [“}[QE‘T[JE;LFIFJ FrlDR A (11-6.10) ds iy = o) AR

(11-6.10)

1. Bigm - BRHZERXEDE (Modified Crank-Nicolson Method)
Fie o S x ] (BRI - AR T R BT TR v
Viiikna—U
At

ik 1o >
_ng(vi,j,k,n+1+ui,j,k,n)+5yui,j,k n+5zul ik.n

(11-6.11)
A Sy )RR R AR 5T AR R R p

Bi, ik, na — Ui, 1
— n+At - nzzé‘f(vi,j,k,nﬂ+ui,j,k,n)

+25§(pi,j,k,n+l+ui,j,k,n)+5zzui'jyk‘n (11-6.12)

o S (R - AR 5 R BT U

u

i,j.k,n+ _ui,', n 1
Lt lAt L :Eé‘z(vl ik, net HU; j.k, n)
Ly L5 11-6.13
+25y(pi,j,k,n+1+ui,j,k,n)+552(ui,j,k,n+l+ui,j,k,n) (11-6.13)

ST 5T R T IR = SR R i

2. HFEEBKESDE (Brain Method)
P Tt = tof > AL [p) (RS2 50 B ACE - G RTRE v

Viijkons2 ~ ik,
1] nAt/Z i, ], n —62(V| ik, n+l/2)+5yu| i k.n +522 ij,k,n (11‘614)

EL O Bt = toelR o Sy [ (BIRGE 2 5 ECE > BT p

pi j n+ —UI f n
o = maw) + 0 (P ki) + S0 o (11-6.15)
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i FIBz R (R E TR SR Uney

Ui joonets = P e

AL2 255(Vi,j,k,n+1/2)+5§(pi,j,k,n+1/2)+5z2(ui,j,k,n+1)

(11-6.16)

S ) AR S LIPS S s i
S EFEE - RMI RN RUD HFERX

7 B AR W IR AR - RS R D V BT RIS e HER R
PYTGBgl ) pody syl -
o%u SOU Uiy —2U;j+Upyy S Uy —Uiy

R = > +- (11-6.17)
or< ror (Ar) IAr  2Ar

&
HIRE 11-3 ke ey Rt 0 peS Iﬁ,%
- Fg;gg\@{gﬁpwﬁjﬁﬁg CEEUNES T S - P 1110 A fﬁ;%ﬁ

jﬁhﬁgﬂjx i) E&ﬁﬁ?ﬁ’ﬁ% ) fgmﬁgﬁ@a’ﬁ@gﬁ%%* 3@’»‘* SRR G o
?J X KoY ST ERE P *Eﬁ fif] B BELEE AES o Pr t’égﬁf}ﬂ A F{lﬂ’#ﬁg\’r (Prandtl

Number) o [l =3 o iy = Sl et A 20 8

%

Y .

T=1 I_M%

X I[[=ErsEe > Z nr T
i 7 A
QT=0F - FLEET=0  EEmy

%
//

N

J =N

|
T
o

11.10 EEMHRFREEERE
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3

I B A

2
T

Fek T B A

oT oT oT 1077

ITRCARNYARE. o 1 (11-6.19)

or oX oY ProY
TR

%+% -0 (11-6.20)
E'ﬂf][#ﬁ%

X =0 Uu=v=T=0

Y =0 U=v=0>T=1

Y =0 Uu=v=T=0

=0 Uu=v=T=0

%ﬂ% HJEEF’?"]JT‘%* 3 1R e UL VR TER R o, X W ngﬂgm}g
fit = A5 HVREERE Y (Steady State Solution) -

HERA-H 1 u% %‘g}\_?&% [;WLJ\?H;LPEM ffga » SEUNE uf@[ AR o (FIRL
PR 3 O RY E - ERREER > RO S ¢ P LR A FE"EJE‘
w*mr wﬁFy }%oWW’HJ%%@?jﬁW % Xnax = 100 , Yonax = 25 A1
(RLT MR © TR (e IP 1010 57 o 5307 RIPTRIGL - 4 (IR P 15
Aaﬁﬁmwmmo

P oy Y (11-6.18) ~ (11-6.19) + (11-6.20) iy o) TS

Ui,j _Ui,j U, j Ui,j _Ui—l,j TV, j Ui,j+l_Ui,j
AT ' AX ' Ay
u .,-2U .+U. .
_T* i, j+1 i,] i, j-1
=T+ (Ay)? (11-6.21)
Tifi _Ti,j +U. . Ti,j _Tl—lj LV Ti,j+1 _Ti,j 1 T| j+ 2Ti,j +Ti,j—1
At " AX MU Ay pr (Ay)?
(11-6.22)
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U’ -u VoV

i j i-1,j " i, j i, j-1 =0 (11-623)
AX Ay
HEE T
Lo el FHETER MR - Vi PTG AP (11-6.22)
R o
2. H|F|HAEA (11-6.21) FHETU] -
3. FIRHAER (11-6..23) FHETV] o
4. %,Eg,%\ﬁﬁz_k‘»ﬁﬂgﬁﬁf‘;%ﬁf& ,ﬂ%%ﬂfﬁﬁvﬁ%’éuu y V|,] ETI’J{T?F °
5. [EHHINTE t=t+Ar » FiH) FHR

RS

Tkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

' SOLUTION OF Parabolic P.D.E.
"BY Crank-Nicolson Method

Tkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

" Program Developed by Dr. Ron Hsin Chang
" Copyright 1988, 2001

"Example 11-3

Sub ImplicitFiniteDifference (Xpos, Ypos)

Dim U (100, 100) , UNew (100, 100) , V (100, 100) , T (100, 100) , TNew (100, 100) As Double

Call GetData (M, N, Iprt, Jmax, Xmax, Ymax, PR, Dtau, TauMax)

Nml=N-1

Mml=M-1

DX =Xmax /M

DY =Ymax /N

DYsq=DY * DY

DYsgPR = DYsq * PR

YoverX = DY / DX

Icount=0

Forl=0ToM
ForJ=0ToN

Next |
ForI=0To M
T(,0=1
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Next |

Perform Calculation Over Successive TimeStep

Tau=0

Do
Tau = Tau + Dtau
Icount = [count + 1

Calculate New Temperature

Forl=1ToM
ForJ=1ToNml
A=(T(,J+1)-2*T(,9)+T(,J-1))/DYsgPR
A=A-ULN*(T(1I-T(1-1,3))/DX
A=A-V({,)*(T(1,I+1)-T(,J))/DY
TNew (I, J)=T(l,J) + Dtau * A
Next J
Next |
‘ Calculate New Velocity U
Forl=1ToM
ForJ=1ToNml
A=U(1,J+1)-2*U(,)+U(,J-1))/DYsqg+ TNew (I, J)
A=A-U(,N*U(I)-U(-1,3))/DX
A=A-V({,)*U1,J+1)-U(,J))/DY
UNew (I, J)= U (I, J) + Dtau * A
Next J
Next |
‘ Calculate New Velocity V
ForlI=1ToM
ForJ=1ToN
V({I,3)=V(l,J-1)+ YoverX * (UNew (I - 1, J) - UNew (I, J))
Next J
Next |

Substitute Tnew and Unew into T and U

Forl=1ToM
ForJ=1ToN-1
U (I, J) = UNew (I, J)
T(l,J)=TNew (I, J)
Next J
Next |

PrintU,V,and T

If (Icount = Iprt) Then
Icount=0
Debug.Print "At Time =", Tau
Debug.Print "Field of Velocity U"

11-34

“OUAL B



FWME RHDHEX

ForK=0To M
[=M-K
For J =0 To Jmax
Debug.Print Format (U (I, J), "0.00000 ");
Next J
Debug.Print
Next K
Debug.Print "Field of Velocity V"
ForK=0To M
[=M-K
For J =0 To Jmax
Debug.Print Format (V (1, J) , "0.00000 ");
Next J
Debug.Print
Next K
Debug.Print "Field of Temperature T"
ForK=0ToM
[=M-K
For J =0 To Jmax
Debug.Print Format (T (I, J) , "0.00000 ");
Next J
Debug.Print
Next K
End If
Loop While Tau <= TauMax
End Sub

Sub GetData (M, N, Iprt, Jmax, Xmax, Ymax, PR, Dtau, TauMax)
M =10

M = Val (InputBox ("Number of Grid Spacing in X", "M", M) )
Debug.Print "Number of X-Grid Spacing M ="; M

N=10
N = Val (InputBox ("Number of Grid Spacing in Y", "N", N) )
Debug.Print "Number of Y-Grid Spacing N="; N

lprt = 20
Iprt = Val (InputBox ("Number of Time steps between successive printing [Prt =", "IPrt", Iprt) )
Debug.Print "Number of Time Steps Between Printing IPrt ="; Iprt

Jmax =10
Jmax = Val (InputBox ("Largest Column Script JMax =", "JMax", Jmax) )
Debug.Print "Largest Column Script JMax = "; Jmax

Xmax =100
Xmax = Val (InputBox ("Height of the Plate XMax =", "XMax", Xmax) )
Debug.Print "Height of the Plate XMax ="; Xmax

Ymax = 25
Ymax = Val (InputBox ("Maximum Distance from the Plate YMax =", "YMax", Ymax) )
Debug.Print "Maximum Distance from the Plate YMax = "; Ymax

PR =0.733
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PR = Val (InputBox ("Prandtl Number PR", "PR", PR))
Debug.Print "Prandtl Numbr PR = "; PR

Dtau=0.5

Dtau = Val (InputBox ("Time Step Dtau =", "Dtau", Dtau) )
Debug.Print "Time Step Dtau = "; Dtau

TauMax =80

Debug.Print "Maximum Time TauMax = "; TauMax

End Sub

TauMax = Val (InputBox ("Maximum Time TauMax =", "TauMax", TauMax) )

HTRR

Number of X-Grid SpacingM =10

Number of Y-Grid SpacingN= 10

Number of Time Steps Between Printing IPrt= 200
Largest Column Script IMax = 10

Height of the Plate XMax =100

Maximum Distance from the Plate YMax= 25
Prandtl Numbr PR = 0.733

Time Step Dtau= 0.5

Maximum Time TauMax = 100

AtTime = 100

Field of Velocity U

0.00000 4.46951 5.02705 4.06646 2.86153 1.85420 1.12232
0.00000 4.26863 4.71273 3.74780 259747 1.65995  0.99192
0.00000 4.04958 4.37672 3.41431 232624 1.46367 0.86206
0.00000 3.80818 4.01525 3.06427 2.04757 1.26571 (0.73325
0.00000 353851 362342 2.69567 176127 1.06662 0.60616
0.00000 3.23195 319470 230616 146741 0.86733 0.48177
0.00000 287515 2.72015 1.89311 116656 0.66938 0.36153
0.00000 244596 2.18709 1.45378 0.86035 0.47540 0.24768
0.00000 1.90398 157683 0.98630 055300 0.29029  0.14394
0.00000 1.16413 0.86104 0.49335 0.25534 0.12396  0.05692
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000  0.00000

Field of Velocity V

000000 -0.05022 -0.12880 -0.20846 -0.27448 -0.32304 -0.35564
000000 -0.05476 -0.13876 -0.22213 -0.28994 -0.33901 -0.37148
0.00000 -0.06035 -0.15072 -0.23823 -0.30790 -0.35739  -0.38959
0.00000 -0.06742 -0.16537 -0.25753 -0.32910 -0.37887 -0.41064
000000 -0.07664 -0.18382 -0.28120 -0.35466 -0.40448 -0.43558
000000 -0.08920 -0.20784 -0.31110 -0.38632 -0.43581 -0.46587
000000 -0.10730 -0.24056 -0.35039  -0.42694 -0.47544  -0.50390
0.00000 -0.13550 -0.28806 -0.40493 -0.48177 -0.52805 -0.55398
000000 -0.18496 -0.36391 -0.48714 -0.56156 -0.60314 -0.62490
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0.62708
0.54758
0.46947
0.39316
0.31918
0.24827
0.18142
0.12011
0.06658
0.02446
0.00000

-0.37552
-0.39100
-0.40867
-0.42914
-0.45331
-0.48258
-0.51923
-0.56737
-0.63543

0.30802
0.26595
0.22513
0.18581
0.14831
0.11306
0.08059
0.05168
0.02742
0.00941
0.00000

-0.38604
-0.40121
-0.41850
-0.43851
-0.46212
-0.49069
-0.52645
-0.57343
-0.63993

0.11225
0.09590
0.08023
0.06533
0.05133
0.03841
0.02677
0.01667
0.00850
0.00275
0.00000

-0.39012
-0.40513
-0.42222
-0.44201
-0.46535
-0.49360
-0.52898
-0.57548
-0.64137

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

-0.39012
-0.40513
-0.42222
-0.44201
-0.46535
-0.49360
-0.52898
-0.57548
-0.64137




000000 -0.29103 -0.50629 -0.62963 -0.69347
0.00000  0.00000  0.00000 0.00000  0.00000
Field of Temperature T

1.00000 0.70450 0.45040 0.26914  0.15454
1.00000 0.69570 0.43735 0.25686  0.14513
1.00000 0.68545 0.42255 0.24330 0.13493
1.00000 0.67328 0.40553 0.22820  0.12397
1.00000 0.65845 0.38559 0.21116 0.11194
1.00000 0.63972 0.36168 0.19167  0.09869
1.00000 061487 0.33211 0.16892 0.08393
1.00000 057937 0.29387 0.14170  0.06727
1.00000 052205 0.24097 0.10789  0.04817
1.00000 0.40556 0.15894  0.06353  0.02590
1.00000  0.00000  0.00000  0.00000  0.00000

Number of X-Grid SpacingM = 40

Number of Y-Grid SpacingN =40

Number of Time Steps Between Printing IPrt= 1000
Largest Column Script IMax = 10

Height of the Plate XMax =100

Maximum Distance from the Plate YMax= 25
Prandtl Numbr PR=  0.733

Time Step Dtau= 0.1

Maximum Time TauMax = 100

At Time = 99.9999999999936

Field of Velocity U

0.00000 167508 2.98841 3.97310 4.66566
0.00000 166294 296434 3.93756 4.61941
0.00000 165057 2.93980 3.90133  4.57226
0.00000 163794 291476 3.86437 4.52418
0.00000 162504 2.88919 3.82664  4.47513
0.00000 161187 2.86308 3.78811  4.42506
0.00000 159840 2.83638 3.74874 437391
0.00000 158462 2.80907 3.70848 4.32164
0.00000 157052 2.78112 3.66728 4.26818
0.00000 155607 2.75249 3.62510 4.21347
0.00000 154125 2.72315 3.58187 4.15743
0.00000 152605 2.69304 3.53754  4.10000
0.00000 151044 266212 3.49204 4.04108
0.00000 149438 2.63034 3.44528 3.98058
0.00000 147786 2.59764 3.39720 3.91840
0.00000 146084 256396 3.34769  3.85444
0.00000 144328 252923 3.29666  3.78855
0.00000 142515 249336 3.24399  3.72061
0.00000 140638 2.45626 3.18955  3.65045
0.00000 138695 241784 3.13321 357791
0.00000 136677 237798 3.07479  3.50277
0.00000 134580 2.33655 3.01411 3.42482
0.00000 132394 229339 2.95096  3.34380

-0.72446
0.00000

0.08651
0.08005
0.07322
0.06599
0.05829
0.05006
0.04124
0.03174
0.02152
0.01067
0.00000

5.10482
5.04890
4.99192
4.93386
4.87465
4.81425
4.75259
4.68961
462524
4.55942
4.49205
4.42306
4.35234
4.27980
4.20532
4.12876
4.05000
3.96888
3.88521
3.79882
3.70047
3.61692
3.52090

-0.73869
0.00000

0.04722
0.04311
0.03884
0.03440
0.02978
0.02497
0.01998
0.01481
0.00955
0.00438
0.00000

5.33009
5.26582
5.20038
5.13374
5.06584
4.99661
4.92600
4.85394
4.78036
470518
462832
454968
4.46916
4.38666
4.30205
421521
4.12598
4.03421
3.93973
3.84232
3.74177
3.63783
3.53021

-0.74480
0.00000

0.02471
0.02229
0.01980
0.01726
0.01467
0.01203
0.00937
0.00671
0.00412
0.00176
0.00000

5.38029
5.30920
5.23687
5.16328
5.08835
5.01204
4.93428
4.85500
477413
4.69160
4.60731
452118
4.43312
4.34300
4.25072
4.15615
4.05914
3.95954
3.85718
3.75187
3.64340
3.53154
3.41600
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-0.74715
0.00000

0.01180
0.01052
0.00923
0.00793
0.00663
0.00533
0.00405
0.00281
0.00165
0.00066
0.00000

5.29216
5.21589
5.13838
5.05958
497944
4.89790
4.81491
4.73039
4.64429
4.55652
446701
4.37567
4.28241
418713
408972
3.99007
3.88804
3.78349
3.67627
3.56622
3.45313
3.33681
3.21702

-0.74784
0.00000

0.00434
0.00383
0.00332
0.00282
0.00232
0.00183
0.00136
0.00092
0.00052
0.00020
0.00000

5.09922
5.01947
4.93851
4.85629
477277
4.68789
4.60159
451383
442454
4.33365
4.24109
4.14678
4.05065
3.95261
3.85256
3.75039
3.64600
3.53927
3.43007
3.31824
3.20364
3.08608
2.96539

-0.74784
0.00000

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

4.83107
4.74948
4.66675
458283
449768
441126
4.32352
4.23440
4.14386
405184
3.95828
3.86311
3.76627
3.66768
3.56726
3.46494
3.36061
3.25418
3.14554
3.03459
2.92119
2.80522
2.68653
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0.00000 1.30111
0.00000 1.27720
0.00000 1.25208
0.00000 1.22561
0.00000 1.19761
0.00000 1.16785
0.00000 1.13605
0.00000 1.10186
0.00000 1.06482
0.00000 1.02432
0.00000 0.97951
0.00000 0.92918
0.00000 0.87146
0.00000 0.80329
0.00000 0.71908
0.00000  0.60660
0.00000 0.42941
0.00000  0.00000
Field of Velocity V

0.00000 -0.00303
0.00000  -0.00309
0.00000 -0.00316
0.00000 -0.00322
0.00000 -0.00329
0.00000 -0.00337
0.00000 -0.00344
0.00000  -0.00353
0.00000  -0.00361
0.00000 -0.00370
0.00000  -0.00380
0.00000  -0.00390
0.00000  -0.00401
0.00000 -0.00413
0.00000 -0.00426
0.00000 -0.00439
0.00000  -0.00453
0.00000  -0.00469
0.00000  -0.00486
0.00000 -0.00504
0.00000 -0.00524
0.00000  -0.00546
0.00000 -0.00571
0.00000  -0.00598
0.00000 -0.00628
0.00000  -0.00662
0.00000  -0.00700
0.00000 -0.00744
0.00000 -0.00795
0.00000  -0.00855
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2.24833
2.20117
2.15166
2.09951
2.04437
1.98581
1.92331
1.85618
1.78355
1.70426
1.61671
1.51860
1.40650
1.27481
1.11356
0.90217
0.58826
0.00000

-0.00905
-0.00923
-0.00942
-0.00962
-0.00982
-0.01004
-0.01027
-0.01051
-0.01077
-0.01104
-0.01133
-0.01163
-0.01196
-0.01230
-0.01268
-0.01307
-0.01350
-0.01396
-0.01446
-0.01501
-0.01560
-0.01625
-0.01697
-0.01777
-0.01866
-0.01965
-0.02079
-0.02208
-0.02358
-0.02533

2.88509
2.81620
2.74397
2.66798
2.58775
2.50268
241204
2.31491
2.21009
2.09602
1.97057
1.83072
1.67205
1.48759
1.26551
0.98358
0.59499
0.00000

-0.01793
-0.01829
-0.01866
-0.01905
-0.01946
-0.01988
-0.02034
-0.02081
-0.02132
-0.02185
-0.02241
-0.02301
-0.02365
-0.02433
-0.02505
-0.02583
-0.02667
-0.02757
-0.02855
-0.02961
-0.03077
-0.03204
-0.03344
-0.03499
-0.03672
-0.03865
-0.04084
-0.04335
-0.04624
-0.04961

3.25940
3.17128
3.07903
2.98218
2.88013
2.77221
2.65755
2.53509
2.40347
2.26092
2.10509
1.93273
1.73920
1.51752
1.25664
0.93806
0.53062
0.00000

-0.02950
-0.03007
-0.03068
-0.03131
-0.03197
-0.03267
-0.03340
-0.03418
-0.03499
-0.03586
-0.03677
-0.03774
-0.03877
-0.03987
-0.04104
-0.04230
-0.04365
-0.04511
-0.04669
-0.04840
-0.05026
-0.05230
-0.05454
-0.05702
-0.05978
-0.06287
-0.06635
-0.07033
-0.07490
-0.08023

3.42106
3.31704
3.20840
3.00463
2.97513
2.84915
2.71583
2.57406
242249
2.25938
2.08245
1.88868
1.67388
1.43217
1.15494
0.82983
0.44187
0.00000

-0.04348
-0.04432
-0.04519
-0.04611
-0.04708
-0.04809
-0.04915
-0.05027
-0.05145
-0.05270
-0.05402
-0.05542
-0.05691
-0.05849
-0.06018
-0.06199
-0.06394
-0.06603
-0.06829
-0.07073
-0.07340
-0.07631
-0.07950
-0.08302
-0.08694
-0.09131
-0.09623
-0.10182
-0.10823
-0.11567

3.41858
3.30259
3.18179
3.05570
2.92372
2.78517
2.63921
2.48484
2.32082
2.14562
1.95730
1.75334
1.53049
1.28445
1.00968
0.69987
0.35259
0.00000

-0.05955
-0.06068
-0.06185
-0.06309
-0.06438
-0.06574
-0.06716
-0.06866
-0.07024
-0.07191
-0.07368
-0.07555
-0.07753
-0.07964
-0.08189
-0.08430
-0.08688
-0.08965
-0.09264
-0.09587
-0.09938
-0.10321
-0.10740
-0.11202
-0.11713
-0.12283
-0.12922
-0.13646
-0.14472
-0.15426

3.29651
3.17271
3.04422
2.91058
2.77128
2.62572
247318
2.31281
2.14361
1.96434
1.77352
1.56933
1.34954
1.11155
0.85263
0.57132
0.27330
0.00000

-0.07732
-0.07876
-0.08025
-0.08182
-0.08346
-0.08518
-0.08698
-0.08888
-0.09088
-0.09298
-0.09521
-0.09756
-0.10006
-0.10271
-0.10554
-0.10855
-0.11178
-0.11524
-0.11897
-0.12299
-0.12735
-0.13209
-0.13728
-0.14297
-0.14926
-0.15624
-0.16405
-0.17285
-0.18286
-0.19435

3.09349
2.96595
2.83405
2.69743
2.55566
2.40826
2.25465
2.09420
1.92616
1.74964
1.56364
1.36703
1.15856
0.93711
0.70216
0.45557
0.20744
0.00000

-0.09639
-0.09813
-0.09995
-0.10185
-0.10384
-0.10593
-0.10811
-0.11041
-0.11282
-0.11536
-0.11804
-0.12088
-0.12388
-0.12707
-0.13045
-0.13406
-0.13791
-0.14204
-0.14648
-0.15126
-0.15643
-0.16204
-0.16816
-0.17486
-0.18223
-0.19040
-0.19949
-0.20970
-0.22126
-0.23447

2.84135
2.71373
2.58227
2.44668
2.30664
2.16179
2.01174
1.85604
1.69419
1.52567
1.34990
1.16634
0.97458
0.77460
0.56744
0.35695
0.15497
0.00000

-0.11633
-0.11837
-0.12051
-0.12274
-0.12506
-0.12750
-0.13005
-0.13273
-0.13554
-0.13850
-0.14162
-0.14491
-0.14839
-0.15208
-0.15599
-0.16016
-0.16460
-0.16934
-0.17444
-0.17991
-0.18582
-0.19221
-0.19917
-0.20676
-0.21510
-0.22429
-0.23450
-0.24591
-0.25877
-0.27339

2.56497
2.44035
2.31251
2.18123
2.04629
1.90748
1.76452
1.61718
1.46517
1.30827
1.14626
0.97908
0.80693
0.63055
0.45195
0.27591
0.11432
0.00000

-0.13672
-0.13906
-0.14149
-0.14402
-0.14667
-0.14944
-0.15233
-0.15537
-0.15855
-0.16189
-0.16541
-0.16912
-0.17304
-0.17718
-0.18157
-0.18624
-0.19120
-0.19650
-0.20217
-0.20826
-0.21481
-0.22189
-0.22956
-0.23792
-0.24706
-0.25711
-0.26823
-0.28062
-0.29451
-0.31023



0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

Field of Temperature T

1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000

-0.00926
-0.01012
-0.01120
-0.01258
-0.01443
-0.01704
-0.02105
-0.02812
-0.04430
-0.10735
0.00000

0.92782
0.92734
0.92684
0.92633
0.92580
0.92524
0.92467
0.92408
0.92346
0.92282
0.92214
0.92144
0.92071
0.91994
091913
0.91828
091738
0.91644
0.91543
0.91437
091324
0.91202
0.91072
0.90932
0.90780
0.90615
0.90435
0.90235
0.90014
0.89765
0.89483
0.89159
0.88779
0.88323
0.87761
0.87038
0.86050
0.84558
0.81828

-0.02742
-0.02995
-0.03309
-0.03711
-0.04246
-0.04996
-0.06137
-0.08097
-0.12277
-0.25442

0.00000

0.85583
0.85487
0.85389
0.85286
0.85181
0.85071
0.84957
0.84839
0.84716
0.84588
0.84455
0.84315
0.84169
0.84016
0.83856
0.83687
0.83510
0.83322
0.83123
0.82912
0.82687
0.82447
0.82189
0.81911
0.81611
0.81285
0.80927
0.80534
0.80097
0.79607
0.79052
0.78414
0.77668
0.76776
0.75679
0.74275
0.72370
0.69533
0.64556

-0.05362
-0.05847
-0.06445
-0.07207
-0.08212
-0.09608
-0.11689
-0.15145
-0.21992
-0.40316

0.00000

0.78446
0.78305
0.78159
0.78007
0.77851
0.77689
0.77521
0.77346
0.77164
0.76975
0.76778
0.76572
0.76357
0.76132
0.75896
0.75647
0.75385
0.75109
0.74817
0.74507
0.74176
0.73824
0.73446
0.73040
0.72601
0.72125
0.71604
0.71031
0.70397
0.69687
0.68884
0.67965
0.66894
0.65622
0.64067
0.62098
0.59466
0.55659
0.49382

-0.08653
-0.09410
-0.10341
-0.11516
-0.13051
-0.15150
-0.18211
-0.23109
-0.32178
-0.53582
0.00000

0.71431
0.71247
0.71057
0.70860
0.70656
0.70446
0.70227
0.70000
0.69764
0.69519
0.69263
0.68997
0.68718
0.68426
0.68121
0.67800
0.67462
0.67106
0.66730
0.66331
0.65907
0.65455
0.64971
0.64452
0.63892
0.63285
0.62623
0.61898
0.61096
0.60203
0.59198
0.58052
0.56727
0.55163
0.53274
0.50916
0.47835
0.43535
0.36913

-0.12442
-0.13488
-0.14764
-0.16360
-0.18420
-0.21193
-0.25141
-0.31237
-0.41877
-0.64629

0.00000

0.64607
0.64385
0.64155
0.63918
0.63672
0.63418
0.63155
0.62882
0.62599
0.62304
0.61998
0.61678
0.61345
0.60996
0.60631
0.60248
0.59846
0.59422
0.58975
0.58502
0.58000
0.57466
0.56896
0.56286
0.55629
0.54919
0.54148
0.53306
0.52379
0.51351
0.50201
0.48899
0.47405
0.45662
0.43583
0.41034
0.37788
0.33434
0.27152

-0.16542
-0.17868
-0.19472
-0.21459
-0.23992
-0.27344
-0.32011
-0.38982
-0.50559
-0.73443
0.00000

0.58044
0.57789
0.57526
0.57255
0.56974
0.56685
0.56384
0.56074
0.55751
0.55416
0.55068
0.54706
0.54328
0.53934
0.53522
0.53090
0.52637
0.52161
0.51660
0.51131
0.50571
0.49976
0.49343
0.48667
0.47942
0.47161
0.46317
0.45398
0.44393
0.43284
0.42052
0.40669
0.39097
0.37284
0.35154
0.32594
0.29420
0.25324
0.19758

-0.20772
-0.22350
-0.24243
-0.26564
-0.29486
-0.33294
-0.38483
-0.46015
-0.58010
-0.80276

0.00000

0.51806
0.51526
0.51237
0.50939
0.50632
0.50314
0.49986
0.49646
0.49294
0.48929
0.48551
0.48157
0.47747
0.47320
0.46874
0.46409
0.45921
0.45410
0.44872
0.44306
0.43708
0.43076
0.42404
0.41690
0.40927
0.40108
0.39227
0.38273
0.37235
0.36098
0.34844
0.33448
0.31878
0.30091
0.28024
0.25588
0.22647
0.18990
0.14276

FWME RHDHEX

-0.24974
-0.26763
-0.28893
-0.31479
-0.34698
-0.38830
-0.44357
-0.52180
-0.64213
-0.85462
0.00000

0.45949
0.45650
0.45343
0.45027
0.44701
0.44365
0.44017
0.43659
0.43287
0.42903
0.42505
0.42091
0.41662
0.41215
0.40750
0.40265
0.39758
0.39228
0.38672
0.38088
0.37473
0.36825
0.36140
0.35412
0.34639
0.33813
0.32928
0.31975
0.30945
0.29825
0.28599
0.27247
0.25743
0.24052
0.22127
0.19903
0.17285
0.14138
0.10269

-0.29020
-0.30976
-0.33287
-0.36068
-0.39492
-0.43830
-0.49536
-0.57442
-0.69263
-0.89336

0.00000

0.40512
0.40203
0.39886
0.39559
0.39223
0.38876
0.38519
0.38150
0.37770
0.37376
0.36969
0.36548
0.36111
0.35657
0.35185
0.34695
0.34183
0.33650
0.33092
0.32508
0.31895
0.31250
0.30571
0.29854
0.29094
0.28287
0.27426
0.26505
0.25515
0.24447
0.23287
0.22019
0.20624
0.19076
0.17340
0.15372
0.13110
0.10473
0.07367

-0.32820
-0.34899
-0.37337
-0.40248
-0.43796
-0.48239
-0.54001
-0.61843
-0.73302
-0.92194
0.00000

0.35522
0.35210
0.34889
0.34559
0.34220
0.33872
0.33513
0.33144
0.32763
0.32370
0.31964
0.31544
0.31110
0.30660
0.30194
0.29710
0.29207
0.28683
0.28138
0.27568
0.26972
0.26348
0.25692
0.25003
0.24275
0.23507
0.22691
0.21824
0.20898
0.19905
0.18835
0.17678
0.16417
0.15035
0.13509
0.11808
0.09897
0.07732
0.05276
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1.00000 0.73912 052511 036514 025110 0.17179 0.11731 0.08009 0.05471 0.03740  0.02560
1.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
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Ao =20, + 2518, i—0L..n-2
zl iZo
Aiio=204,+ 2(2_1)@—1,0 +6,,
1 )
Ai,j=§i,j_1+2(z—1)9i,j+9i,j+1 i=0,1,...,n=2
j=0

1
A1 j=0 jat 2(1_1)0n—1,j +604 a0,

B, J.:29;*J.+2(1—1)e;;j j=0,1,...,n-2
] ) ﬂ‘ ) ._

1 i=0

BO,n—l:zel,n—l+2(Z_1)90,n—l+90,n

3 1 * x -

BIYJ =9|7111+2(z—1)9hj+9|+lyj j=0,1,....,n—2
1 i=0

Bi n-1= gi*—l, n-1 + 2(; _1)9|* n-1 + ‘gi*+1, n-1 + 0|* n

TR R BRI AR 6 AT RO SR R E T Y (1
6.25) » L3 FITIHIHIRL = toan W ORI 6 ¢ FIAIP 20T YA (11-6.26) - o
A7 = P = b VR 6 -

RS

Tekkkkkkkkkkkkkkkkkkkkkkkkhkkkdkhkkdhhhhkhhkkkdhhhddrhkkdkrkhdirrk

" SOLUTION OF Parabolic 2D-P.D.E.
"BY Douglas Implicit Alternating Direction Method

Tkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

" Program Developed by Dr. Ron Hsin Chang
" Copyright 1988, 2001

"Example 11-4

Sub Douglas (Xpos, Ypos)
Dim T (50, 50) , Tstar (50, 50) As Double

Enter Basic Data & DEFINE THE PROBLEM

Cls

Print

Print " Solution of Parabolic PDE by Douglas IAD Method"
Print
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N =20

Print "Number of X-Intervals"

N = Val (InputBox ("N =", "No. of X-Intervals", N))
Print"N="N

NP1=N+1

DX=1/N
Print "DX ="; DX

Dtau = 0.05

Dtau = Val (InputBox ("Time Step =", "Dtau", Dtau) )
Print "Time Step =", Dtau

Print

Tmax = 0.95

Tmax = Val (InputBox ("Maximun Center Temperature =", "Tmax", Tmax) )
Print "Maximum Temp at center =", Tmax

Print

NPT =1

NPT = Val (InputBox ("Number of Time Step before printing =", "NPT", NPT) )
Print "No. Time Step Before Printing =", NPT

Print

Set Initial and Boundary Conditions

Forl=1ToN
T (I, NP1) = 1#
T(NPL, 1) = 1#
Tstar (I, NP1) = 1#
Tstar (NP1, I) = 1#
ForJ=1ToN
T(l,J)=0#
Tstar (I, J) = 0#
Next J
Next |
T (NP1, NP1) = 1#
Tstar (NP1, NP1) = 1#

Call IADSolver (N, T, Tstar, Dtau, DX, Tmax, NPT)
End Sub

Sub IADSolver (N, U, Ustar, Dtau, DX, Umax, NPT)

" Finite Difference Parameters
" N = NUMBER OF X-Intervals

U = INITIAL CONDITION VECTOR

' IRETURN : SOLUTION

' Ustar = Half Step Solution

' IRETURN : SOLUTION

" Umax = MAXIMUM Value of U (1,1)

" NPT = No. of Time Steps before Printing
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" ABC = TRIDIAGONAL MATRIX COEFFICIENT VECTOR

Pim A (50), B (50), C (50), Z (50) , Uprime (50) As Double

Set up Parameters

NP1=N+1
Lamda = Dtau / DX / DX
F=2*(1/Lamda-1)
A(1)=2*(1/Lamda + 1)
-2

[ERNTEN
—_——

mo
)

ool Ve BN

_—~—— N

==

In i no

LN RN
—
=

[count =0
Tau=0

Perform Calculations Over Successive Time Step

Do
Tau = Tau + Dtau
Icount = Icount + 1

Calculate U at End of Half Time Increment

ForJ=1ToN
Forl=1ToN
If (J=1) Then
Z(h=2*U(L,2)+F*U(l,1)
Else
ZNH=UJ-D+F*U(,N+U(,J+1)
End If
Z (N)=Z (N)+U (NP1, J)
Next |
Call Tridiagonal (1, N, A, B, C, Z, Uprime)
Forl=1ToN
Ustar (I, J) = Uprime (I)
Next |
Next J

Calculate U at End of Full Time Increment

Forl=1ToN
ForJ=1ToN
If (1 =1) Then
Z(J)=2*Ustar (2,J) + F * Ustar (1, J)
Else
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'V

] fZ (J)=Ustar (I-1,J) + F* Ustar (I, J) + Ustar (1 + 1, J)
End |
Z (N) = Z (N) + Ustar (I, NP1)
Next J
Call Tridiagonal (1, N, A, B, C, Z, Uprime)
ForJ=1ToN
U (1, J) = Uprime (J)
Next J
Next |

Print U Throughout the Domain

If (Icount = NPT) Then
lcount=0
Debug.Print "At Time Tau=";
Debug.Print Format (Tau, " 0.0000E+00")
Debug.Print "Temperature are:"
Forl=1To NP1
ForJ=1To NP1
Debug.Print Format (U (I, J), " 0.0000 ");
Next J
Debug.Print
Next |
End If
Loop While U (1, 1) < Umax

End Sub

Sub Tridiagonal (Nstart, N, A, B, C, Z, V)

' SUBROUTINE JACOBI
"N = No. of Equations
"A,B,C  =Tridiagonal Coefficients of Equations
" Alpha = Intermediate Coefficients
' Gamma = Intermediate Coefficients
A = Constant Vector
= Solution Vector

Dim Alpha (50) , Gamma (50) As Double

Alpha (Nstart) = A (Nstart)
Gamma (Nstart) = Z (Nstart) / Alpha (Nstart)
N1 = Nstart + 1

-- LU DECOMPOSITION

For1=N1ToN

Alpha (1)

=A()-B()*C(I-1)/Alpha(l-1)
Gamma (I)=(Z (I) -

(Z(-B(l)*Gamma (I - 1)) / Alpha (1)

Next |

-- BACK SUBSTITUTION
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V (N) = Gamma (N)
Last = N - Nstart
ForK=1 To Last

V()= Gamma (-C*V(+1)/Alpha(l)

'-- CHEER by Ron Hsin Chang, Copyright 2001
End Sub

BlE N AR

&lF23 Sub IADSolver (N, U, Ustar, Dtau, DX, Umax, NPT)
N = F‘ = 15 El %F

u = P* L] g & ﬂé'tipl"“# » [T EE FIAd N
Ustar=P‘fPHEﬂﬁ?" R o [R5
Dtau =

Eﬁr 1Tl
DX = }“F'EJ’IE £

Umax = 7| [ly\'%’fmﬁi U fifi
NPT = G fad U et il [ Bt
BMEER
At Time Tau=  5.0000E-02
Temperature are:

0.0158  0.0174 00227 00340 00557 00964 01726 03147 05794 10728  1.0000
0.0174 00189  0.0243 00355 00572 00979 01739 03158 05801 10727  1.0000
0.0227 0.0243 00296 00408 00623 01028 01784 03195 05824 10723  1.0000
0.0340  0.0355  0.0408 0.0518 00731 01131 01879 03273 05872 10714  1.0000
0.0557  0.0572 00623 0.0731  0.0939 01330 02061 0.3424 0595 10698  1.0000
0.09%4 00979 01028 01131 01330 01705 02404 03708 06139 10668  1.0000
01726 01739 01784 01879 02061 02404 03045 04239 0.6464 10612  1.0000
03147 03158 03195 03273 03424 03708 04239 05228 07071 10507  1.0000
05794 05801 05824 05872 05965 06139 06464 07071  0.8203 10311  1.0000
1.0728  1.0727 10723 10714 10698 10668 1.0612 10507  1.0311 09946  1.0000
1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000

At Time Tau=  1.0000E-01

Temperature are:

0.0933 0.0994 01189 01555 02151 03050 04297 05808 0.7096  0.6642  1.0000
0.0994 01055 01248 01611 02203 0309 04336 0583 07115  0.6665  1.0000
01189 01248 01437 01793 02372 03246 04458 05926 07178  0.6737  1.0000
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01555 01611 01793 02133 02689 03526 04688 06095 07295 06872  1.0000
02151 02203 02372 02689 03205 03983 05063 06371 07486 07093  1.0000
03050 03096 03246 03526 03983 04672 05628 06787 07774 07426  1.0000
04297 04336 04458 04688 05063 05628 06413 07363 08173 07888  1.0000
0.5808 05836 05926 ~ 06095 06371 06787 07363 08062  0.8657 08448  1.0000
07096 0.7115 07178 07295 0.7486 07774 08173 08657 0.9070  0.8924  1.0000
0.6642 006665 06737 06872 07093 07426 07888  0.8448  0.8924 08757  1.0000
1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000

At Time Tau=  3.0000E-01

Temperature are:

0.6322 0.6368  0.6505 06728 07026 07387 07812  0.8343  0.9017 09187  1.0000
06368 06414 06549 06769 07063 07420 07839  0.8364 09030 09197  1.0000
06505 0.6549  0.6679  0.6890 07174 07517 07920  0.8425 09066 09227  1.0000
06728 06769  0.6890 07088  0.7353  0.7675  0.8053  0.8525 09126 09276  1.0000
0.7026  0.7063  0.7174 07353  0.7595 07887 08230  0.8660  0.9205 09342  1.0000
0.7387 07420 07517  0.7675  0.7887 08143 08445 08823 09302 09422  1.0000
0.7812 07839 07920  0.8053  0.8230  0.8445 08698 09014 09415 09516  1.0000
08343 08364 08425 08525 0.8660 0.8823 09014 09253 09557 09634  1.0000
09017 09030 09066 09126 09205 09302 09415  0.9557 09737 09783  1.0000
09187 09197 09227 09276 09342 09422 09516  0.9634 09783 09820  1.0000
1.0000 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000 10000  1.0000  1.0000  1.0000

At Time Tau=  5.0000E-01

Temperature are:

08628 0.8645 08695 08778 0.8891 09031 09189 09369 09614 09744  1.0000
0.8645 08662 08711 08793 08905 09043 09199 09376 09618 09747  1.0000
0.8695 0.8711 08759 08837 08945 09078 09229 09399 09632 09756  1.0000
0.8778 08793 08837 08911 09012 09137 09278 09437 0965 09772  1.0000
0.8891 0.8905  0.8945 09012 09104 09217 09345 09490 09688 09793  1.0000
09031 09043 09078 09137 09217 09316 09427 09554 09727 09819  1.0000
09189 09199 09229 09278 09345 09427 09521 09627 09772 09849  1.0000
09369 09376 09399 09437 09490 09554 09627 09709 09822 09882  1.0000
09614 09618 09632 09656 09688 09727 09772 09822 09891 09928  1.0000
09744 09747 09756 09772 09793 09819 09849 09882 0.9928 09952  1.0000
1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000

At Time Tau=  7.5000E-01

Temperature are:

09600 09605 09620 09644 09676 09717 09765 09821 09870 09943  1.0000
09605 09610 09624 09648 0.9680 09720 09768  0.9823 09872  0.9944  1.0000
09620 09624 09638 09661 09692 09731 09776  0.9830 09877 09946  1.0000
09644 09648 09661 09683 09712 09748 09791 09841 009885 09949  1.0000
09676 09680 09692 09712 09738 09771 09810 09855 09895 09954  1.0000
09717 09720 09731 09748 09771 09800 009834 09873 09908 09960  1.0000
09765 09768 09776 09791 09810 09834 09862 09895 09924 09966  1.0000
09821 09823 09830 009841 0985 09873 09895  0.9920 09942 09974  1.0000
09870 09872 09877 09885 09895 09908 09924 09942 09958  0.9982  1.0000
09943 09944 09946 09949 09954 0990 09966 09974 09982 09992  1.0000
1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
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EIHRAEED HIEDN V4

#rEL?ﬁ?Jﬂ@]rerryjﬂjig FUo PPV R oT RS = AR

L E—IEERE
W u B AR - (I A $H100°C » 5 i A TR
G EHCo o B - A A Hu=g-

2. BIEEREME .
T gruTE R P F PR R R o B g R = R P R PSR usRT
SIgE [ﬂ IJ:E:L_jrig\To 7 [l e IE”;“PI FEJ Ep u:*nﬂ }E{ﬁ]’g;jﬁf IH‘urLﬂT E“{g,;jl}l ; F'
EIE{{‘E EREAEECE > I EGRENLF o H - RS T au, + AU =

3. B=RERIEH -

T bru e T B EpOB R B AR B prun AT =R B R O

B sk RGNS e B0 FETR A P IS k SH R R

Higug LY [ VIR [ aEE] B ”Lﬂmmﬁﬂ?ff}igux‘vi o Bl - fegk s St

Bhou, + g +u=g °

e e e A _,0u_9°u o

:EJLJ}%LQ ;IV%#E‘J';PJ;I&\I)FIJ(" A ﬂj%:‘k 5—874'? E
[N > 3 IR R e ROE P IREF > g prr) *{F[?[Efrliﬁj’ hLfet RTHTS TR © 302 B 1%
FERLEY . JTED 5= KT BY (R FFI > fIOR g il IR 3 8 B> P [y Bt - 8
53 R o3 o 48

EREL AL DR E

~Srau-g , dx-0% (11-7.2)
X

GESRITRSE P PRy o T RIS B o HE]

@a9° L, )’
Upj =Uoj + U, AX + 21 Uy + 31 + O[(AX)S] (11-72)
2 3
Uy j = Uz — U AX + (&%) Uy — (&%) + O[(AX)S] (11-7.3)
Y Y ! 3!
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FIHAEA (11-7.2) TJ‘J?%J?UuXXEW%? el )

[u1j Up | —uXAx]+ o[(Ax)] (11-7.4)

uXX

(A%)?
R (11-7.2) W (11-7.8) AR » 5T i Ui 205G

o :ﬁ[_uo,j +2U; _Uz,j]+0[(Ax)2] (11-7.5)

1
Uy zm[uz,j —Up, ]+ O[(AX)Z] (11-7.6)
IR I S~ Srau=g o FE S (LL7.6) JORE S T

2AX [uz j—u ,j]_auo,j =9 (11-7.7)
I

Uy j =Uy j +2aAX U, ; +2Ax g (11-7.8)

y

A (11-7.8) [ WA (11-7.5) 1o SRzl o TR Eue R R

1
U, = Ty [Z(an—l)UO’j +2u; | +2Axg] (11-7.9)
P R s S Z GAH 2y“ S G RS TS
(Rl R
Uy jna—Uu Jj.n
%zé‘fuo,j,nﬂeruo,j,nu
_ [Z(aAX—l)UO’j +22ui,j +2Axg]+6§uO - +O[(AX)2 +(Ay)2]
(AX) .
(11-7.10)
S IFRABRNEE

I Pffru“ﬁﬁu PR FFRCE RO > B PR ROR Y T A R T
e (RN Y 2R A R R PR - OPi 10120 )5
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: C
[osx 2

1112 FFRAER 2 RIE

qg;li 11.12 £, ﬁ}}ﬁﬁrgﬁl 34 W'*f‘;l't AX B> ;,ggﬁgwfﬁg» 4445, 0 K 3o 5
il 1‘57? R B o T T E]

2
Uy = Uy +aAxu, +%Uyy + O[(Ax)3] (11-7.11)
2
Ug = U, +bAxu, eruXX + O[(Ax)?’] (11-7.12)
2
U, = U, — AXu, +%um + O[(Ax)3] (11-7.13)
AX)®
Uy =U; — AXU, +%UW +O[(Ax)3] (11-7.14)

AR (10-7.00) R (10-7.12) A B R (10-7.18) 1) a R A
A (L1-7.14) FL b i) TR L OB I/“ faE s

Uy + Uy = 22 s, Ue U U (@t +0[AX]
(AX)*| a(@a+1) b(b+1) b+l a+l ab

(11-7.15)

11-52

“OUAL B



FWE RHDHENX

S/\E1 HEUER[E A

]ﬂe’ry A kf{ FIR| 53 EER R (Separation of Variables) s:fig » pL7T AER| -
ﬁﬁf’ﬁﬁ' |hEd - *U“ IIE Fﬁg@@ﬁﬂjﬁlﬂf%\rﬁ kel f}lfj’ﬁlr%ﬁ? RS R
AR 17“” EE }*Elv?»ﬁiﬁ P A o FIFI R BRI IR IR GG el T
gt EL?S«F[J”]@A o

IR - @W%&ﬁ‘i (Sturm-Liouville) A =N [JRLF 2| 55 SR EiE il £ Uﬁ fL pivy
UERIIE -l SR

a4 p(x)ﬂ +[a(x) + ar(x)]y =0 a<x<b (11-8.1)
dx dx
dy
BC1 y+c¢—=0 @x=a
dx
BC2 y+c2ﬂ=0 @x=b
dx

RS p(x) ~a(x) » r () ERETEIpVERE o S AR EIE R (@, b) [ ELEA
Bro 2 r(x) > 0o oA U R Y A M E AR R A tﬁ*ﬁﬁgﬂ fi
B hfr%pﬁﬁj_lé*?’ £ £ ’;,»iujf’éyr}’lﬁg‘o

G TT[”‘F'F EfL Fi |E§%p (x)=0> Z'c1=c,=0-a=0>b=1-[fy{~=pvt
R

2

%+[q(x)+/lr(x)]y=0 0<x<1 (11-8.2)

BCl y=0 @x=0
BC2 y=0 @x=1

HIPTE PR 53 i A=Y (11-8.2) R AR x Bufe] o3 [U’?‘NWJE&FJ fJJ‘l*%‘E\'T
x,=hk , h=1/(n+1)

y(Xg)=u, , Uy=u,,;=0

PREH LT (11-8.2) drfipb 53 R
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U, —2U, +U

= +[gy +r, Ju, =0 (11-8.3)
F B Y LY 2 8
Qu=2h’Ru (11-8.4)
[(2-qh?) -1 0 0 0o [u]
-1 (2-q,h?) -1 0 0 u,
0 -1 (2-q;h?) - : : U,
: : : : -1 0 :
0 0 0 - (2-q,,h?) -1 :
0 0 0 -1 (2-g,h) U,
ah’, 0 0 -« 0 0 [u]
0 A%, 0 - 0 0 |u,
| 0 an’r, - i S
: : : : 0 0 :
0 0 0 - Ah’r,, 0 |:
0 0 0 - 0  Ah’r |y,
(11-8.5)

jbjgzzfllz\i , o é B 2 -1/2 > ] [}iﬁj’_{‘]% = (11-8.4) Frk Eﬁrﬁ[ﬁﬁ“ﬁﬁfg =,
clrFlj,»;iy

AV =AY (11-8.6)

RN R (1186) R AU B
SLUCREfEPLL FTIR -  (11-86) pu ; (7 [t e < 71

Eﬂ’fﬁr‘éﬁ}j’ BT A S A N VR R - B AR > D) 3
HE| U o

—rrv

@JFE 11-5 B3 A=k b ok
Y %u 11.13 & FETFI s H Bl ATF B R E PR A o H—Eﬁ Ht = OEﬂj H Fﬁwf[@
H0=0 > Fi[t >0 I'x > Q’E}’ﬁ%pwﬁ “Pijsjt.ire 1o Q’E‘j’g VT E R I E R o
Eapad %ﬁf“iﬁ_ Lo e
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B o s 0 St £

20_2% 100

ot or® ror

BC1 r=r E\ﬂj’ (;_f:o
BC2 r=r, Eﬁ, 6=1

POBBHERL

1113 AERHEBELREMEME

P P IR B B PRI SO RS i R
%’UEIJ—'JDE*}EL% ) E‘IAJ];%;;LJEJEI;[H[M_JF i S Ca [IJH’?I‘ FEIUEX?‘%’@?VHI . BC2
TIES SR NI ERFSIRBYrg=1-6 > [C[pVRIEL) HAEFY R /&HHN + A
HUS 8 L B 07

a¢ 6¢ 1a¢ (11-8.7)
ot or? rar

BCL  r=rfj- %:o
r

BC2 r:rzﬁﬁ, $=0
=)

R (11-87) i1 F NI ESB G (Separation of Variables) i - i [
Weg(r ) [ 10 8855 S [ R R () P RGRIFRRET (1) oz » B0 20 e t,,
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#(r, ) =R(T(t) (11-8.8)

[0 R (10-8.7) (o A > T E

2
R dr rRdr T dt

R (11-89) (11 PREBEORET (0 =c exp(-40) - B N (W IS
PITAY (11-8.7) [fe At

o(r,t) = ici R, (r)exp(-=4;t) (11-8.10)

Emﬁﬂ%@m‘ﬁ%@-“%H%Rm’%gﬁﬁio
FrgE A (11-8.9) [ YR (1) fO9)

IR, IR R0 (11-8.11)
dr rdr
FIIEE R T A RS (11-8.11) 5 - ﬁ;%ﬁjrl < r < By %U%Nf[aigﬁﬂfﬁm*pg

T B > Fr=rt RIFOREY BECA D 1 BRES o renaffig s A L AINAL {0
FITFR DAY (12-8.10) o Bl ) h fOss 55 AN
Riy=2R; +Riy 1 R —R

e Tl LR, =0 i=23..,N  (11-8.12)
(Ar)? ri 2Ar
L3
2 D Ar D Ar
= Ei=—0-— F=—(1+—
(Ar)Z [ 2( |’.) i 2(+2I’,)
IS (11-8.12) [ I iy =rY
~ER+(D-A)R ~FR;,; =0 i=2,3,..,N  (11-8.13)
B RIRHNER
1. fgr}’izlﬁﬁ’dR/dr— o DB TR HEE]
dR__2_p _R) 1dR_1(R,-R)
dr®  (Ar )2 2 ndr r  Ar
oA (11-8.10) fl1 o ARSI E]
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(D- )R, ~DR, =0 (11-8.14)

2. FU[I =N+1 Eﬁ » Ry+1=0 »

EEFRER .
ST R R RS (12-8.08) IR > DA ORI A
D -D 0 0 0 0 TRT1 [R]
-E, D -F, 0 0 0 R, R,
0 -E, D -F - 0 0 R, R,
: : : : : : : = :
0o 0 0 - D -F., O . .
0 0 0 _EN—l D _FN—l RN—l RN—l
0 o0 0 - 0 -Ey D |Ry| [|Ry]
(11-8.15)
RS RS (11-8.6) AT ORI A
Ar=Ar (11-8.16)

<A F > WEA (11-8.15) @ N [ POR] B A TR EINGE R
Jll (Eigenvectors) m% E*ﬂ[fﬁ ECHIEIR -
AR R BRI A (10-8.00) o |t 1SRN IR A
é (t)=icjri,- exp(—4;t) (11-8.17)
j=1

110 SV ] B STI R % - 100 A=RAR™ > 2 S =R™ ¢ JIE IR )
RS R R
P Wzt (11-8.17) Ry S=R H#E]
N NN
Zsik¢i 0)= Z zcjsik i exp(=4;t) (11-8.18)
i1 i1 1

pub‘?i:gl ,

11-57

“OUAL B



B {ERnIEER

N
S

Zsikrij =0 AN

i1

N

]

5oi_
:ZSijrij =Kk

g TR R 28

ATERE

L A (5T RS AR T B Fﬁ%‘%ﬁjﬁm R (11-8.9) AU o
2-‘#ﬁfgéﬂﬁgﬁﬁﬂ?ﬁ#ﬁﬂﬁ}ﬁﬁ‘ﬁfgzﬂ Y (11-8.10) » A RS 5) L -
3. SRR IRIFUspiny = 50 A o 200 BT 2 H R A 5 LR

4. R TRV ERIY Ar=Ar 73

S. IR ISV e/ Ao ARk o R APOR S R I R S -
6. FFITHA (11-8.19) o EfEE

7 FPIHAEE (11-8.17) R

BERXHD

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

" SOLUTION OF P.D.E.
'BY SEPARATION OF VARIABLES

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

" Program Developed by Dr. Ron Hsin Chang
" Copyright 1988, 2001

" Example 11-5

Sub EigenPDE (Xpos, Ypos)
Dim A (150, 50) , P (50, 50) , Theta (50) As Double
Dim C (50) , NC (50) , AbsErr As Double

' Enter Basic Data & DEFINE THE PROBLEM
Cls
Print
Print " Solution of PDE by Separation of Variables"
Print
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Call BasicData (Xpos, Ypos, R1, R2, DR, Tmax, DT, ThetaMax, N)
NM1=N-1

NP1=N+1

D=2/DR/DR

DRm2=D/2

Forl=1ToN
Theta (1) =
ForJ=1T

Al d)
Next J
Next |
Forl=1To NM1

0
oN
=0

I'+1)=-DRm2*(1+1/2/(RL/DR+1-1))
+1,1)=-DRm2*(1-1/2/(RL/DR +1))

Debug.Print "** Starting Matrix is"
Forl=1ToN
ForJ=1ToN
Debug.Print Format (A (I, J), " 0.0000 ");
Next J
Debug.Print
Next |

Find Eigenvalues, Eigenvectors, and Eigenrows

Eigenindex = 1
AbsErr = 0.00000001
Call EigenSystem (N, Eigenindex, AbsErr, NC, A)

Vectors Eigenrows and Eigencolumns
and check orthogonality

Cls
Forl=1ToN
ForJ=1ToN
P(,0)=0
ForK=1ToN
P(,)=P(,N+AK+N,)*AJ+2*N,K)
Next K
Next J
Next |

Output Matrices
Debug.Print "** Tranformed ~ Matrix is"

Forl=1ToN
ForJ=1ToN
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Debug.Print Format (A (I, J), " 0.000000 ");
Next J
Debug.Print
Next |

Debug.Print "** Eigenrow Matrix is"
Forl=1ToN
ForJ=1ToN
Debug.Print Format (A (I + N, J), " 0.000000 ");
Next J
Debug.Print
Next |

Debug.Print "** Eigencolumn Matrix is"
Forl=1ToN
ForJ=1ToN
Debug.Print Format (A (I +2*N, J), " 0.000000 ");
Next J
Debug.Print
Next |

Debug.Print "** Orthogonality requires off-digonal elements to be zero
ForlI=1ToN
ForJ=1ToN
Debug.Print Format (P (1, J) , " 0.00000 ") ;
Next J
Debug.Print
Next |

" Determine coefficients C (J) from initial conditions
ForJ=1ToN
cC@)=0
ForI=1ToN
CA=CA+A@+2*N,)/P@J,J)
Next |
Next J

Debug.Print "** The Coefficient C (J) are"
Forl=1ToN

Debug.Print Format (C (1) , " 0.00000 ") ;
Next |
Debug.Print

" Compute Value of Temperature
Debug.Print
Debug.Print " Time Temp at Grid Points."
Debug.Print " "

Theta (NP1) =1
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Do While (Abs (A (Min, Min) * T) > 40)
Min = Min + 1
Loop
Forl=1ToN
Theta (I) =1
ForJ=MinToN
Theta (I)=Theta () -C (J) *A(I+ N, ) *Exp (-A (J, ) *T)
Next J
Next |

Debug.Print Format (T, "0.00E+00 ");
For1=1To NP1
Debug.Print Format (Theta (1), " 0.00000") ;
Next |
Debug.Print
T=T+DT
Loop While T <= Tmax And Theta (1) <= ThetaMax
End Sub

Basic Data for Example 11-5

DR = Radial grid spacing

DT = Time Increment

N = No. of grid points

R1 = Inner Radius

R2 = Quter Radius

T =Time

Tmax = Maximum value of time to be considered

Sub BasicData (Xpos, Ypos, R1, R2, DR, Tmax, DT, ThetaMax, N)

ThetaMax= Maximum Temp at Grid #1

R1=10

R1 =Val (InputBox (" Inner Radius R1 ", "R1", R1, Xpos, Ypos) )
Print"R1=",R1

R2=19

R2 =Val (InputBox (" Outer Radius R2 =", "R2", R2, Xpos, Ypos) )
Print"R2 =", R2

Tmax =100

Tmax = Val (InputBox (" Max. Time to be considered ", "Tmax", Tmax, Xpos, Ypos) )
Print "Tmax = "; Tmax

DT=5

DT = Val (InputBox (*  Time increment step ", "DT", DT, Xpos, Ypos) )
Print"DT ="; DT

N=9

N = Val (InputBox (" No. of grid intervals ", "N", N, Xpos, Ypos))
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Print'N=";N

ThetaMax = 0.95
ThetaMax = Val (InputBox (" Max. Temp at grid #1 ", "Theta Max", ThetaMax, Xpos, Ypos) )
Print "Theta Max = "; ThetaMax

DR =(R2-R1)/N
End Sub

b EigenSystem (N, Eigenindex, AbsErr, NComplex, A)

EigenSystem Finds the Eigenvalues, Eigenvectors and Eigenrows
of an NxN Square Matrix A

N is the Size of the Actual Matrix

Eigenindex is an Indicator
Eigenindex =-1 Gives Eignevalues only.
The results are stored in the first column of A.
Real and imaginary parts of eventual complex eigenvalues
being in adjacent positions.
Eigenindex =0  Gives Eigenvalues and Eigenvectors.
The Eigenvalues are on the main diagonal of A.
Complex parts as a 2*2 block with the real parts (identical)
on the diagonal, and the imaginary parts (identical, but in the
opposite sign) as adjacent off-diagonal elements.
The matrix of eigenvectors, Q, is stored in row N+1 - 2N
Eigenindex =1  Gives Eigenvalues, Eigenvectors, and Eigenrows.
Eigenvalues and eigenvectors being stored as for Eigenindex =0.
The eigenrows, Qinv, are stored in row 2N+1 - 3N

On exit, Eigenindex gives the number of iterations in the QR-step index.
AbsErr is the tolerance, and a suggested value is 1.E-8

NComplex is an indicator array for the Eigenvalues.
NComplex (I) =0 indicates that the I'th eigenvalue is real.

Su
' partin A (I+1) and a complex part in A (1+2) for Eigenindex = -1.
' The diagonalized matrix, D, the matrix of eigenvectors, Q, and

' the matrix of eigenrows, Qinv, have the property, that

' A=Q*D*Qinv

" Check Error Criteria and Eigenindex

If (AbsErr <= 0) Then AbsErr = 0.000000000001

If (EigenIndex < -1) Then

Eigenindex = -1
Elself Eigenindex > 1 Then

NComplex (I) =1 and NComplex (I+1) =2 indicate a complex pair of eigenvalues, with real
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Eigenindex = 1
End If

Define Matrix Size and Reset

If (Eigenindex <= 0) Then

NS =N
Else
NS=2*N
End If
NTotal =2 * N
Index = Eigenlndex
Forl=1ToN
If (Eigenindex >= 0) Then
ForJ=1ToN
AQJ+N,)=0
Next J
A(l+N,I)=1
End If

NComplex (I)=0
Next |

Call ArrangeMatrix (N, A, Eigenindex)
Call QRutish (N, AbsErr, A, Eigenlndex)

If (Index > 0) Then
Forl=1ToN
ForJ=1ToN
A(l+2*N,J)=AJ+N,1)
Next J
Next |
End If

Call LRAIgorithm (N, Index, AbsErr, NComplex, A)

If (Index >=0) Then
Call EigenVector (N, NTotal, NS, NComplex, A)
End If

End Sub

Sub ArrangeMatrix (N, A, Eigenindex)
Dim SumAz2, SX, SK As Double
If (N <=2) Then Exit Sub
NMinus2 =N - 2
NTotal =N + N
If (Eigenindex < 0) Then NTotal = N
For 1 =1 To NMinus2
IPlusl=1+1
IPlus2=1+2
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SumA2 =0

For J = IPlus2 To N
SumA2 = SumA2+A (J, ) *A(J, 1)
Next J

If (SumA2 <> 0) Then
SumA2 = Sqr (SumA2 + A (IPlusl, I) * A (IPlusZ, 1) )
If (A (IPlusl, 1) < 0) Then SumA2 = -SumA2
A (IPlusi, I) = A (IPlusZ, I) + SumA2
SK = SumA2 * A (IPlus, 1)
ForJ=IPlus1 To N
SX=0
For K = IPlusl To N
SX=SX+A (K )*A(K,J)
Next K
If (SX <> 0) Then
SX=S8X/SK
For K = IPlus1 To N
AK J)=A(K,J)-SX*A(K,I)
Next K
End If
Next J

ForJ=1To NTotal
SX=0
For K=1Plus1 To N
SX=SX+A(K,N)*A(J,K)
Next K
If (SX <> 0) Then
SX=SX/SK
For K=1IPlusl To N
A, K)=A(J,K)-SX*A(K,I)
Next K
End If
Next J

A (IPlus1, I) = -SumA2
For J = IPlus2 To N
A(l,N=0
Next J
End If
Next |

End Sub

Sub QRutish (N, AbsErr, A, Index)
Dim X, Y, Z, SX, SY As Double

MT =0

If (Index < 0) Then MT =1

Index =0

NTotal =2 *N
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If (I <= 2) Then Exit Sub
Do
IFLAG =0
M=1
Index = Index + 1
=1
ForJA=2Toll
J=1+2-JA
K=J-1
X =Abs (A (J,K))/ (Abs (A (J,J)) + Abs (A (K, K) ) + AbsErr)
If (X <= AbsErr) Then
M=
A(J,K)=
If (M <=(I-2)) Then Exit For
f(M=(-1))Thenl=1-1
IFLAG =1
Exit For
End If
Next JA

0

If IFLAG = 0 Then
If (Index <> 1) Then
SX=A(,)+A(I-1,1-1)
SY=A(N*A(-1,1-1)-A(,1-1)*A(-1,1)
If (SX =0 And SY = 0) Then SX = A (I, I - 1)

End If

X=A(M M) /AM+LM*(AMM-SX)+AMM+1)+SY/AM+1,M)
Y=A(M M) +A(M+1, M+1)-SX

Z=AM+2,M+1)

IL=1-1

NLI=N+MT*(I-N)
NL2=1+(M-1)*MT
NL3 = NTotal + (I - NTotal) * MT
ForJ=MTolIL
SumSquare =Sgr (X*X+Y*Y +Z*2)
If (X < 0) Then SumSquare = -SumSquare
X=X+ SumSquare
Y=Y/X
Z=71X
X =X/ SumSquare
ForK=JToNL1
SX=AJ,K)+Y*A(J+1,K)
If (J<IL) Then SX=SX+Z*A(J +2,K)
SX=SX*X
A(J,K)=A(J, K)-SX
[f(J<IL) ThenA(J+2,K)=A(J+2,K)-Z*SX
AJ+1,K)=A(J+1,K-Y*SX
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Next K
For K = NL2 To NL3
JFLAG =0
If ((K>N)Or((K<J+4)And(K<=1))) Then
SX=AK N+Y*A(K,J+1)
If(J<IL) Then SX=SX+Z*A (K,J+2)

SX=SX*X

A(K ) =A(KJ)-S

(KJ+1):A(KJ+1) Y * SX

If (J<IL) Then A (K, J+2) = A (K, J +2)-Z*SX
End If

Next K

If (J> M) Then
A(J,J-1)=-SumSquare
AJ+1,J-1)=0
f(J<1-1)ThenA(J+2,J-1)=0

End If
X=A@J+1,))
Y=0
Z=0
If(J<IL) ThenY=A(J+2,7J)
If(J<1-2)ThenZ=A(J+3,J)
Next J
Else
Exit Do
End If

If (Index >= 10 * N) Then Exit Sub
Loop While (Index < 10 * N)
Loop While IFLAG =1
End Sub

Sub LRAlgorithm (N, Index, AbsErr, NComplex, A)
Dim Q, X, Y, Z, R As Double

NS=2*N
NTotal = NS
If (Index <= 0) Then NS = N
=0
Do
ILoop =0
l=1+1
If (I - N > 0) Then Exit Sub
If (I <N) Then
X=Abs(A(I+1,1))/(Abs (A(l,1))+Abs (A(I+1,1+1))+AbsEr)
If (X > AbsErr) Then
Y=A(LD+A(I+1,1+1)
Z=A(LD*AI+L1+D-A T+ *A(+1,1)
X=Y*Y-4*Z
If (X >=0) Then
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R = (Abs (Y) + Sqr (X)) /2
If (Y<0) ThenR=-R

If (Index < 0) Then
A(,1)=R
A(l+1,1)=2/R
ILoop =1
Else
Q=A(,N-R
S:A(I )-Z/R
If (Abs (S) > Abs (Q)) ThenQ =S
Q:A(|+1,|)/Q
C=1/Sqr(Q*Q+1)
S=Q*C
End If
Else
R=(A(I+L,1+)-ALN)/A(I+L,ND+A(1+1))
If (Index < 0) Then
A(,1)=Y/2
A(l+1,1)=Sqr (-X) /2
NComplex (I) =
NComplex (I +1) =2
ILoop =1
Else
Q=1/Sgr(1+R*R)
C=Sqr((Q+1)/2)
S=R*Q/C/2
End If
End If
If ILoop = 0 Then
ForJ=1ToNS
Ki=I
K2=1J
If (J>N) Then
Kl=1+2*N
K2=J-N
End If
Q=A(KL K2
A(KL,K2)=Q*C+S*A(K1+1,K2)
AKL+1,K2)=A(KL1+1,K2)*C-S*Q
Next J

ForJ=1To NTotal
If((J<1+2)0r(I>N))Then

Q AQ,1)
A(J, ):AJI)*C+A(J,I+1)*S
AJ,I+1)=C*A(J,1+1)-Q*S
End If
Next J
If (X <0) Then
NComplex (I) =

NComplex (I +1)=2
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R=Sqr(Abs (A(I+1,)/A(,1+1)))
ForJ=1To NTotal
AQ I+ =AJ 1+1)*R
If (J <=N) Then
A(l+1,0)=A(1+1,0)/R
Elself (J <= NS) Then
A(I+2*N+1,J-N)=A(I+2*N+1,J-N)/R
End If
Next J
ILoop =1
Else
A(l+1,1)=0
End If
End If
Else
A(l+1,1)=0
ILoop=0
End If
End If

If (ILoop = 1) Then
I=1+1

Elself (Index < 0) Then
A1) =A( 1)

End If

Loop
End Sub

Sub EigenVector (N, NVEC, NROW, NComplex, A)
Dim B, D, DB, Det, R1, R2, RI1, RI2, X (2, 2) As Double
X=N
NE =N + NROW
Do While (IX > 0)
C=A(IX IX)
D=0
1=2
If (NComplex (IX) > 0) Then
1=1
D=A(IX-1,IX)
End If
JX=IX+11-3
Do While (JX > 0)
AC=A(JX,JX)-C
J1=2
B=0

If (NComplex (JX) > 0) Then
Ji=1
B=A(JX-1,JX)

End If
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ForJ=1To2
Forl=1To?2
X(,3)=0
Next |
Next J

Forl=11To?2
ForJ=J1To?2
XA, ND=A@X+J-2,IX+1-2)
AQX+J-2,IX+1-2)=0

Next J
Next |
U=(X(1,1)+X(2,2))/2
S=X(,1)-U
V=(X(1,2)-X(2,1))/2
T=X(1,2)-V
DB=B-D

Det=AC*AC + DB * DB
R1=(U*AC+V*DB)/Det
RI1=(V*AC-U*DB)/ Det

DB=D+8B
Det=AC*AC + DB * DB
R2=(S*AC-T*DB)/Det
RI2=(T*AC + S *DB)/ Det

=R1+R2
R1-R2
RI2-RI1
RI2 +RI1

X (1,1
X (2,2
X (1,2
X (2,1

—_————

ForK=1To NE
If (K>NOrK<JX+J1-2)Then
Forl=11To2
ForJ=J1To?2
If (K<=2*N) Then
AK JIX+1-2)=AK, IX+1-2)-X(,)*A(K, IX+J-2)
Else
AUX+I+2*N-2,K-2*N)=A(IX+J+2*N-2,K-2*N)
+X(L)*A(IX+1+2*N-2,K-2*N)
End If
Next J
Next |
End If
Next K

JX=JX+J1-3
Loop
IX=IX+11-3
Loop
End Sub
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Eigenvalue for Partial Differential Equation

Solution of PDE by Separation of Variables

R1=10

R2=20

Trnax= 100
bDT=45

MN=10

Theta Max = 095

FWME RHDHEX

. Xl
Eeadr to Proceed
CHEER  Copyright RESI 2001 B 4 4T

** Starting Matrix is
2.0000 -2.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

-0.9545 2.0000 -1.0455 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 -0.9583 2.0000 -1.0417 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 -0.9615 2.0000 -1.0385 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 -0.9643 2.0000 -1.0357 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 -0.9667 2.0000 -1.0333 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 -0.9688 2.0000 -1.0313 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -0.9706 2.0000 -1.0294
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -0.9722 2.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -0.9737

* Tranformed  Matrix is
3.967979  0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.000000 3.774435 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.000000 0.000000 3.408106 0.000000 0.000000 0.000000 0.000000 0.000000  0.000000
0.000000 0.000000 0.000000 2.904043 0.000000 0.000000 0.000000 0.000000  0.000000
0.000000  0.000000 0.000000 0.000000 2.311510  0.000000 0.000000  0.000000  0.000000
0.000000  0.000000 0.000000 0.000000 0.000000 1.688490 0.000000 0.000000  0.000000

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

-1.0278

2.0000

0.000000
0.000000
0.000000
0.000000
0.000000
0.000000

11-71

“OUAL B



B fE BRI RER

0.000000
0.000000
0.000000
0.000000

0.000000
0.000000
0.000000
0.000000

** Eigenrow Matrix is

-0.437758
0.430749
-0.411157
0.380493
-0.340369
0.292488
-0.238633
0.180633
-0.120328
0.059534

-0.504747
0447821
-0.299224
0.097720
0.110083
-0.279581
0377114
-0.386250
0.310228
-0.170231

** Eigencolumn Matrix is

-0.197160
-0.201075
-0.200984
-0.200538
-0.200061

0.199592

0.199108
-0.198510
-0.197328

0.188610

0.406483
0.373784
0.296484
0.189928
0.065289
0.065136
0.188573
-0.292835
-0.366819
0.388855

0.000000
0.000000
0.000000
0.000000

-0.515492

0.362934

-0.018163
-0.309346

0.436277

-0.305129

0.007664
0.276172

-0.384994

0.266218

-0.423267
-0.272459
-0.016187

0.239345
0.396295

-0.395367
-0.237638
-0.015987
-0.267382

0.404911

0.000000
0.000000
0.000000
0.000000

-0.519606

0.234873
0.271320

-0.451556

0.141885
0.296567

-0.392192

0.065221
0.312503

-0.336577

0.424342
0.096394

-0.298655
-0.431536
-0.199374
-0.198907
-0.428459

0.294979

-0.094598

0.405939

0.000000
0.000000
0.000000
0.000000

-0.521809

0.081274
0.452217

-0.210008
-0.355723

0.302515
0.241577

-0.357154
-0.119694

0.374126

-0.408793

0.116943
0.453599
0.146025

-0.363689

0.362837

-0.144984

0.448015
0.114764
0.391065

** Orthogonality requires off-digonal elements to be zero

1.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

** The Coefficient C (J) are

0.02510

Time

0.00E+00
5.00E+00
1.00E+01
1.50E+01
2.00E+01
2.50E+01
3.00E+01
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0.00000
1.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

-0.06673

0.00000
0.00000
1.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

0.11312

0.00000
0.00000
0.00000
1.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

-0.16614

Temp at Grid Points.

0.00000 0.00000
0.00588 0.00853
0.06970 0.07913
0.17684 0.18818
0.28855 0.29935
0.39054 0.40010
0.47965 0.48791

0.00000
0.01748
0.10657
0.22028
0.32964
0.42688
0.51104

0.00000
0.00000
0.00000
0.00000
1.00000
0.00000
0.00000
0.00000
0.00000
0.00000

0.23049

0.00000 0.00000
0.03661 0.07264
0.15280 0.21931
0.27167 0.34101
0.37744 0.44067
0.46891 0.52413
0.54728 0.59476

0.000000
0.000000
0.000000
0.000000

0.523034
0.081465

-0.453279
-0.210501

0.356558
0.303225

-0.242144
-0.357992

0.119975
0.375005

0.376379

-0.318216
-0.339904

0.327022
0.331382
0.330605
0.324690
0.335720
0.312287
0.360056

0.00000
0.00000
0.00000
0.00000
0.00000
1.00000
0.00000
0.00000
0.00000
0.00000

0.31479

0.00000
0.13463
0.30736
0.42669
0.51708
0.59034
0.65153

1.095957
0.000000
0.000000
0.000000

0.523338
0.236560
-0.273268
-0.454799
-0.142904
0.298697
0.395009
0.065689
-0.314748
-0.338994

-0.327549
0.457843
0.009107

-0.461298
0.282270

-0.281609
0.458008
0.008994
0.449312
0.313344

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
1.00000
0.00000
0.00000
0.00000

-0.43710

0.00000 0.00000
0.23226 0.37249
0.41704 0.54644
0.52659 0.63781
0.60417 0.69914
0.66518 0.74616
0.71550 0.78452

0.000000
0591894
0.000000
0.000000

-0.521916
-0.367457
-0.018390

0.313202
0.441714
0.308932
0.007760

-0.279613
-0.389792
-0.269535

0.263434

-0.498243

0.348666
0.081508

-0.443399
-0.442360

0.080926

-0.344374

0.488959
0.252009

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
1.00000
0.00000
0.00000

-0.64332

0.000000
0.000000
0.225565
0.000000

-0.514331
-0.456323
-0.304905
-0.099575

0.112174
0.284889
0.384274
0.393583
0.316119
0.173464

-0.185808

0423719

-0.514645

0.413513

-0.157339

0.156970

-0.410565
-0.508311

0.415824
0.177750

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
1.00000
0.00000

1.09587

0.00000 0.00000
0.55538 0.77105
0.69131 0.84518
0.75670 0.87898
0.79893 0.90031
0.83069 0.91617
0.85639 0.92893

0.000000
0.000000
0.000000
0.032021

0.457603
0.450277
0.429796
0.397742
0.355799
0.305748
0.249451
0.188821
0.125783
0.062233

0.097038

-0.245424

0.375640

-0.470110

0.519114
0517897

-0.466758
-0.371016

0.240851
0.092830

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
1.00000

2.97537

1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
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350E+01 0.55629 0.56337 0.58318 0.61419 0.65479 0.70328 0.75785 0.81666 0.87785 0.93956 1.00000
4.00E+01 0.62182 0.62787 0.64478 0.67124 0.70589 0.74724 0.79376 0.84387 0.89599 0.94854 1.00000
450E+01 0.67773 0.68289 0.69731 0.71988 0.74941 0.78465 0.82430 0.86700 0.91140 0.95616 1.00000
5.00E+01 0.72540 0.72979 0.74208 0.76132 0.78648 0.81652 0.85030 0.88668 0.92451 0.96265 1.00000
550E+01 0.76602 0.76977 0.78024 0.79663 0.81807 0.84366 0.87245 0.90345 0.93568 0.96818 1.00000
6.00E+01 0.80064 0.80383 0.81275 0.82671 0.84499 0.86679 0.89132 0.91773 0.94520 0.97289 1.00000
6.50E+01 0.83013 0.83285 0.84045 0.85235 0.86792 0.88650 0.90740 0.92991 0.95331 0.97690 1.00000
7.00E+01  0.85526 0.85758 0.86406 0.87419 0.88746 0.90329 0.92110 0.94028 0.96021 0.98032 1.00000
7.50E+01 0.87667 0.87865 0.88417 0.89281 0.90411 0.91760 0.93277 0.94911 0.96610 0.98323 1.00000
8.00E+01 0.89492 0.89660 0.90130 0.90867 0.91830 0.92979 0.94272 0.95664 0.97112 0.98571 1.00000
8.50E+01 0.91047 0.91190 0091591 0.92218 0.93038 0.94018 0.95119 0.96306 0.97539 0.98782 1.00000
9.00E+01 0.92371 0.92493 0.92835 0.93369 0.94068 0.94903 0.95841 0.96852 0.97903 0.98962 1.00000
9.50E+01 0.93500 0.93604 0.93895 0.94350 0.94946 0.95657 0.96457 0.97318 0.98213 0.99116 1.00000
1.00E+02  0.94461 0.94550 0.94798 0.95186 0.95694 0.96299 0.96981 0.97715 0.98478 0.99247 1.00000
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MWR) > F‘ﬂij‘ 77 HAE [JNBE“#]I J T~ mghﬁlm‘[g’gﬁf@lg Fl o FOR FLREEH B
Ui(x) = %Hl’ﬂfm*ﬁ@ ApVIS SR ( HECR R FEER P IART ) > e
A
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y(0)=0 y'(®)=0 (11-9.2)
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u (x) = (i +)x—x"™ (11-9.3)

Yn (X, 2) =uo (X, 2) + iai (2) ui (x) (11-9.4)

i=1
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U A TR R R A B 0 RUFM - R TR R T R O T
i Y LT (T R TR o S R TR e o (0 RIS

e

TT o PREESEE T AR E U o ) TR (11-9.1) PURFEED

2
Ru(@x2)=(1- Xz)%_ aazz—N
N \ ,
=(1- XZ)Z daciéZ) U (x) - Zai ) d (;J;Z(X)

— (- xz)ﬁl“%[(i F)x- x”l]—ii:ai [ i+ 1ixi ] (11-9.5)

< B#£5% (Galerkin's Method)
FOH & R PUTE EERW = dyy /o8 =u, 0 Rl RNEFEUTT
LlRN @, X, 2)u; ()dx=0 j=1,2,..,N (11-9.6)

HHFEF (11-9.5) U7 LAY (11-9.6) 1 REBIEIE T R LA

9E=E§ (11-9.7)
C = [ [+ mx—x][(i + x-x1] - x)ox (11-9.8)
B =—i(i +1)L1xi‘1[(j +1)x—x]dx (11-9.9)

FEFRIG) a Il (11:97) R - PR RS (11-9.7) Il
HA (8-9.8) Ut

5 ~C Ba=pa (11-9.10)
o =C Ba=A
42 _yaua
, =YAY
= —=AWU"a)
dz ==
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HECE
FIJR] g8 8 R BRI G 53 R g R
]ﬂﬁﬁﬁﬁ}%w%% F AR HFF (11-9.4) puigyER =t o
2. I’Js[ﬂlf%f;} *LJI{EI:CH] ) ;L$ﬁ,{73@RN’|€Jz,§{:‘ s YA (11-9.5) -
3. E‘lfélﬁplﬂﬁ*L“ao— (z=0) » fj0 ™| BLis = 3k

' uo(x,O)— ao|(i +Dx—x" L1 - x?)|(j+Dx—x"dx =0 (11-9.13)

Hitug (x, 0)=1> & * =0 2AR]C I ERT A (11-9.8) » [ FZ A

ggo =S
1 . 2
Sj ZZ(J+1)—m (11‘914)

4 (RIS (11°97) U T A
5. ,%@@iwﬁ@@’4$jﬁﬁ@ﬁ@go
6. AP HAEA (11-9.12) > FffTa -

(1) F1b U o S A w1

(2) FUAWO T IR V3 Bl A W) g
() I’z - FHEra=Uw, -

70 FRIHAEZE (11-9.4) FRETY

S I[EX B EE (Orthogonal Collocation Method)

IR el f ok e g P07 AN (11-9.1) [ SYNIBLRER R AT Pl Rl
TRUEREY (6, 2) P IEITY(0.2) = yo= 0 2y(L2) = YR A o BHETETFY (6, 0)
[N @[}% ﬁ@ﬁ&flﬂ'gﬂ‘l—ﬂﬂéwp] SYE.

y(x; ,0)=1 i=1,2,---,N
Y
yo=[ 1 - 1] (11-9.15)
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PR I B 50 R ORI - IR S AR
53 (R - TR [tjf%"(‘y R

@-x: ) NZ: BiYi (11-9.16)
EUBy b = v L Hp sk = - 3F§‘H Hi@
m‘ﬁ#l T sy
y(0,2) =y, =0

N+ (11-9.17)

Z A =0
i~0

B (11-9.07) (OB ER > (5O AP (2 LA (11-9.6) 1 R
% =]

Y ¢y (11-9.18)

1 B niaAna |
C.= Bji _ 4N+ WA
AN+1,N+1

Y (11-9.18) fUiEt]
y=Uexp(At)lU "y, (11-9.19)
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" ORTHOGONAL COLLOCATION (3)

nnnnnnnnnnnnnn

"SOLUTION OF P.D.E.
'BY ORTHOGONAL COLLOCATION

Tkkkkkkkkkkkkkkkkkkkkkkkkhkkkkrhkddrhhkix!

" Program Developed by Dr. Ron Hsin Chang
" Copyright 1988, 2001

"Example 11-6

Sub OrthogonalCollocationPDE (Xpos, Ypos)

Dim Z (50) , Coef (50) , XP (50) As Double

Dim Z1 (50) , Z2 (50) , Z3 (50) As Double

Dim Diff1 (50) , Diff2 (50) , Diff3 (50) , Root (50) As Double
Dim A (50, 50) , B (150, 50) , W (50) As Double

Dim Vect (50) , NC (50) , AbsErr As Double

Dim Xtab (20) As Double

Do

Enter Basic Data & DEFINE THE PROBLEM

Cls

Print

Print " Solution of PDE by Collocation Method"

Print

Call Xpositions (Xtab, Ntab)

Call CollocationBasicData (Xpos, Ypos, GeoFact, Alpha, Beta, N, N1, N2, NoColloPoints, Diff1,
Diff2, Diff3, Root, Vect, A, B, W)

ND =N + N1+ N2

Define the Operation Matrix

Forl=1ToN
ForJ=1ToN
B(,))=(B(1+1,J+1)-B(1+1,ND)/A(ND,ND)*A(ND,J+1))/
(1-Root (I+1)*Root (I +1))
Next J
Next |

Modified Radau Qudrature Weight = W * 1.5 * (1-x"2)
and eliminate boundary conditions at y=0 and y=1

Print

Print

Print "* MODIFIED QUDRATURE VECTOR W:"

Print

Forl=1ToN
W({H=W(+1)*15*(1-Root (I +1)*Root (I +1))
Print Format (W () ,"  0.0000E+00") ;
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Next |
Print
MsgBox ("Ready to Proceed")

Find Eigenvalues, Eigenvectors, and Eigenrows

Eigenindex = 1
AbsErr = 0.000000000001
Call EigenSystem (N, Eigenindex, AbsErr, NC, B)

Find Vectors U (Z2) and V (Z1)
" and the expansion coefficient (Z3)
Cls
Forl=1ToN

Print

Print "** SOLUTION SERIES"

Forl=1ToN
Print Format (3 (), " 0.00000000") ;
Print" * Exp (*;
Print Format (B (1, 1), "0.000000E+00 ") ;
Print"*2Z)"

Next |

Calculate the Sherwood Number at specicied positions

Print
Print "Distance Sherwood No."
Print " "
For1=1To Ntab
X=0
S=0
ForJ=1ToN
T=B(J,J)* Xtab (1)
If (T >=-60) Then
T=Z3(J)*Exp(T)
X=X+T
S=S-T*B(J,J)
End If
Next J
S=2*S/X/3
Print Format (Xtab (1) , " 0.000E+00 "
Print Format (S, "0.00000000E+00")
Next |
Print " "

NxtJob = InputBox ("Run Next Job <Y/N>? ", "NEXT JOB", "Y", Xpos, Ypos)
Loop While NxtJob = "Y"
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End Sub

Sub Xpositions (Xtab, Ntab)
Positions for Printing Out Results

Ntab = 16
Xtab (1) = 0.00001

Xtab (2) = 0.00002
Xtab (3) = 0.00005
Xtab (4) = 0.0001
Xtab (5) = 0.0002
Xtab (6) = 0.0005
Xtab (7) = 0.001
Xtab (8) = 0.002
Xtab (9) = 0.005
Xtab (10) = 0.01
Xtab (11) = 0.02
Xtab (12) = 0.05
Xtab (13) = 0.1
Xtab (14) = 0.2
Xtab (15) = 0.5
Xtab (16) = 1

End Sub

Sub CollocationBasicData (Xpos, Ypos, GeoFact, Alpha, Beta, N, N1, N2, NoColloPoints, Diffl,
Diff2, Diff3, Root, Vect, A, B, W)

Basic Data for Collocation Method

" GeoFact S = 0-planar; 1-cylinder; 2-sphere"
" Alpha =1
Beta = (GeoFact - 1) /2
"N = Number of Interior Collocation Points
" N1 = 1ifx=0is a collocation point, otherwise N1=0
" N2 = 1ifx=1is a collocation point, otherwise N2=0
NoColloPoints = Total number of collocation points, = N + N1 + N2
" Diffl = First order derivative vector
" Diff2 = Second order derivative vector
" Diff3 = Third order derivative vector
Root = Root of Jacohi Polynomial, Collocation Points
" Vect = Operation vector
A = First order derivative matrix
' B = Second order derivative matrix
W = Radau Lobatto quadrature weights

Call GeoFactor (Xpos, Ypos, GeoFact, Alpha, Beta, N, N1, N2, NoColloPoints)
"==CALL JACOBI to find collocation points

Call Jacobi (Alpha, Beta, NoColloPoints, N, N1, N2, Diff1, Diff2, Diff3, Root)
MsgBox ("Ready to Continue")
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"==CALL DEFMAT to define operation matrix

Cls
Call DefMatrix (NoColloPoints, N1, N2, Diff1, Diff2, Diff3, Root, Vect, A, B)
MsgBox ("Ready to Continue")

'==RADAU AND LOBATTO QUADRATURE

D=2
Alpha = Alpha
Beta = Beta - 1

Call RadauQuadratureWeights (2, NoColloPoints, Root, N1, N2, Diff1, Vect, Alpha, Beta)

Print "** Radau Lobatto Qudratue Weight W:"
Print
For I =1 To NoColloPoints

W (1) = Vect (1)

Print Format (W () ,"  0.0000E+00") ;
Next |
End Sub

Sub GeoFactor (Xpos, Ypos, GeoFact, Alpha, Beta, N, N1, N2, ND)

"** DEFINE THE JACOBI POLYNOMIAL "
Generally, ALPHA=1, BETA=(S-1) /2"
S=0-planar; 1-cylinder; 2-sphere"

Alpha=0
Alpha = Val (InputBox ("  Alpha =", "Alpha", Alpha, Xpos, Ypos) )
Print "Alpha = "; Alpha

Beta=1
Beta = Val (InputBox (" Beta =", "BETA", Beta, Xpos, Ypos) )
Print "Beta = "; Beta

N=10

N = Val (InputBox (">> NUMBER OF COLLOCATION POINTS:", "Collocation Points", N, Xpos,
Ypos) )

Print "Number of Collocation Points N ="; N

Print

Print"  BOUNDARY COLLOCATION POINT (S) :"
Print"  0=not a collocation point"

Print"  1=is a collocation point"

N1=1
N1 = Val (InputBox ("Collocation at X=0 (0/1) 2", "Collocation @ X=0", N1, Xpos, Ypos) )
Print"N1 =", N1

N2=1
N2 = Val (InputBox ("Collocation at X=1 (0/1) 2", "Collocation @ X=1", N2, Xpos, Ypos) )
Print "N2 =", N2
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ND =N+ N1+ N2
End Sub

Sub DefMatrix (ND, N1, N2, Diff1, Diff2, Diff3, Root, Vect, A, B)

N =ND-N1-N2
Forl=1ToND
Call OpMatrix (I, 1, ND, N1, N2, Diff1, Diff2, Diff3, Root, Vect)
ForJ=1ToND
A(l,J) = Vect (J)
Next J
Call OpMatrix (I, 2, ND, N1, N2, Diff1, Diff2, Diff3, Root, Vect)
ForJ=1ToND
B (I, J) = Vect (J)
Next J
Next |

Print
Print "** MATRIX A:"
Print
Forl=1ToND
ForJ=1ToND
Print Format (A (I, J) , " 0.00000E+00 ") ;
Next J
Print
Next |
Print

Print "** LAPLACIAN MATRIX B:"
Print
For1=1ToND
ForJ=1ToND
Print Format (B (I, J) , " 0.00000E+00 ") ;
Next J
Print
Next |
End Sub

Sub Jacobi (Alpha, Beta, ND, N, N1, N2, Diff1, Diff2, Diff3, Root)

AlphaPlusBeta = Alpha + Beta

AlphaMinusBeta = Beta - Alpha

AlphaBeta = Beta * Alpha

Diffl (1) = (AlphaMinusBeta / (AlphaPlusBeta + 2) + 1) / 2
Diff2 (1) =0

If N >=2 Then
Forl=2ToN
IM1=1-1
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Z = AlphaPlusBeta + 2 * IM1
Diff1 (I) = (AlphaPlusBeta * AlphaMinusBeta /Z / (Z +2) + 1)/ 2
If 1 =2 Then
I Diff2 (I) = (AlphaPlusBeta + AlphaBeta + IM1) / Z | Z | (Z + 1)
Else
Z1=1*Z
Y = IM1 * (AlphaPlusBeta + IM1)
Y =Y * (AlphaBeta + Y)
Dif2 ()=Y/ZI(Z-1)
End If
Next |
End If

X=0
Forl=1ToN
Do
XD=0
XN=1
XE=0
XM=0
ForJ=1ToN
XP = (Diffl (J) - X) * XN - Diff2 (J) * XD
XQ = (Diff1 (J) - X) * XM - Diff2 (J) * XE - XN
XD = XN
XE = XM
XN =XP
XM = XQ
Next J
C=1
Z=XN/XM
If1>1 Then
ForJ=2Tol
ZC=Z2C-Z/(X-Root(J-1))
Next J
End If
Z=27117C
X=X-Z
Loop While (Abs (Z) > 0.000000001)
Root (1) = X

If (N1 =1) Then
Forl=1ToN
J=N+1-]|
Root (J + 1) = Root (J)
Next |
Root (1) =0
End If
If (N2 = 1) Then Root (ND) = 1

Print

Print "** COLLOCATION POINTS:"
Print

Forl=1ToND
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Print Format (Root (I) , " 0.000000E+00 ");
If (Int (1 /5)*5=1) Then Print
Next |

For1=1ToND
X =Root (I)
Difft (I)=1
Diff2 (1)=0
Diff3 (1) =0
ForJ=1ToND
IfJ<>1Then
Y =X - Root (J)
Diff3 (1) = Y * Diff3 (I) + 3 * Diff2 (1)
Diff2 (I) = Y * Diff2 (I) + 2 * Diff1 (I)
Diff1 (I) = Y * Diff1 (1)
End If
Next J
Next |
End Sub

Sub OpMatrix (Index, ID, ND, N1, N2, Diff1, Diff2, Diff3, Root, Vect)

"ID =1 for first order derivatives
"ID = 2 for second order derivatives
'ID=3

"--ENTRY POINT
If ID =3 Then
I Call GaussQuadratureWeights (ND, Root, N1, N2, Diff1, Vect)
Else
ForJ=1ToND
If J = Index Then
If ID =1 Then
Vect (J) = Diff2 (Index) / Diff1 (Index) / 2
Else
Vect (J) = Diff3 (Index) / Diffl (Index) / 3
End If
Else
Y = Root (Index) - Root (J)
Vect (J) = Diffl (Index) / Diffl (J) /'Y
If ID =2 Then Vect (J) = Vect (J) * (Diff2 (Index) / Diff1 (Index) - 2/Y)
End If
Next J
End If
End Sub

Sub GaussQuadratureWeights (ND, Root, N1, N2, Diff1, Vect)
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Y=0

ForJ=1ToND
X = Root (J)
AX=X*(1-X)
IfN1=0Then AX = AX /X /X
IfN2=0Then AX=AX/(1-X)/(1-X)
Vect (J) = AX / Diffl (J) / Diff1 (J)
Y=Y+ Vect (J)

Next J

ForJ=1ToND
Vect (J) = Vect (J) /'Y

Next J

End Sub

Sub RadauQuadratureWeights (ID, ND, Root, N1, N2, Diff1, Vect, Alpha, Beta)

" ID=1 Radau quad. weights including x=1
" ID=2 Radau quad. weights including x=0
' D=3 Lobatto quad wieghts including both
" WEIGHT FUNCTION W (X) = (1-X) “APLHA*X"BETA
Sum=0
Forl=1ToND
X = Root (1)
Select Case ID
Case 1
AX =X
If N1=0Then AX=1/AX
Case 2
AX=1-X
If N2 =0Then AX=1/AX
Case 3
AX=1
End Select
Vect (1) = AX/ Diff1 (1) / Diff1 (1)
Next |

1 + Alpha)

If ID <> 2 Then Vect (ND) = Vect (ND) / (
1)/ (1 + Beta)

If ID > 1 Then Vect (1) = Vect (1)

Forl=1ToND
Sum = Sum + Vect (I)
Next |

For1=1ToND

Vect (1) = Vect (I) / Sum
Next |
End Sub

Sub EigenSystem (N, Eigenindex, AbsErr, NComplex, A)
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EigenSystem Finds the Eigenvalues, Eigenvectors and Eigenrows
of an NxN Square Matrix A

" Nis the Size of the Actual Matrix

Eigenindex is an Indicator
Eigenindex =-1 Gives Eignevalues only.
The results are stored in the first column of A.
Real and imaginary parts of eventual complex eigenvalues
being in adjacent positions.
Eigenindex =0  Gives Eigenvalues and Eigenvectors.
The Eigenvalues are on the main diagonal of A.
Complex parts as a 2*2 block with the real parts (identical)
on the diagonal, and the imaginary parts (identical, but in the
opposite sign) as adjacent off-diagonal elements.
The matrix of eigenvectors, Q, is stored in row N+1 - 2N
Eigenindex =1  Gives Eigenvalues, Eigenvectors, and Eigenrows.
Eigenvalues and eigenvectors being stored as for Eigenindex =0.
The eigenrows, Qinv, are stored in row 2N+1 - 3N

On exit, Eigenindex gives the number of iterations in the QR-step index.
AbsErr is the tolerance, and a suggested value is 1.E-8

NComplex is an indicator array for the Eigenvalues.
NComplex (I) =0 indicates that the I'th eigenvalue is real.

partin A (I+1) and a complex part in A (1+2) for Eigenindex = -1.
The diagonalized matrix, D, the matrix of eigenvectors, Q, and
the matrix of eigenrows, Qinv, have the property, that
' A=Q*D*Qinv
Check Error Criteria and Eigenindex

If (AbsErr <= 0) Then AbsErr = 0.000000000001
If (Eigenindex < -1) Then

Eigenindex = -1
Elself Eigenindex > 1 Then
Eigenindex = 1

End If

Define Matrix Size and Reset

If (Eigenindex <= 0) Then
NS =N

Else
NS=2*N

End If

NTotal =2 * N
Index = Eigenindex

" NComplex () =1 and NComplex (1+1) =2 indicate a complex pair of eigenvalues, with real
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ForlI=1ToN
If (Eigenindex >= 0) Then
ForJ=1ToN
AQJ+N,1)=0
Next J
A(l+N,)=1
End If
NComplex (=0
Next |

Call ArrangeMatrix (N, A, Eigenindex)
Call QRutish (N, AbsErr, A, Eigenindex)

If (Index > 0) Then
Forl=1ToN
ForJ=1ToN
A(l+2*N,J)=AJ+N,1)
Next J
Next |
End If

Call LRAIgorithm (N, Index, AbsErr, NComplex, A)

If (Index >= 0) Then
Call EigenVector (N, NTotal, NS, NComplex, A)
End If

End Sub

Sub ArrangeMatrix (N, A, Eigenindex)
Dim SumA2, SX, SK As Double

If (N <=2) Then Exit Sub

NMinus2 =N - 2

NTotal=N + N

If (Eigenindex < 0) Then NTotal =N

For I =1 To NMinus2

[Plusl=1+1
[Plus2 =1+2
SumA2=0

For J = IPlus2 To N
SumA2 = SumA2+A(J, D *A(J, 1)
Next J

If (SumA2 <> 0) Then
SumA2 = Sar (SumA2 + A (IPlusl, I) * A (IPlus1, 1))
If (A (IPlusl, 1) < 0) Then SumA2 = -SumA2
A (IPlusi, I) = A (IPlusZ, I) + SumA2
SK = SumA2 * A (IPlus1, 1)
For J =IPlusl To N
SX=0
For K=1IPlus1 To N
SX=SX+A(K,N)*A(K,J)
Next K

11-87

“OUAL B



B {ERnIEER

If (SX <> 0) Then
SX =SX/SK
For K=1Plusl To N
AK N=AK, J)-SX*A (K]
Next K
End If
Next J

ForJ=1 To NTotal
SX=0
For K=1Plusl1 To N
SX=SX+A(K,N)*A(J,K)
Next K
If (SX <> 0) Then
SX=SX/SK
For K=1IPlus1 ToN
A, K)=A(J,K) -SX*A(K,I)
Next K
End If
Next J

A (IPlus1, I) =-SumA2
For J = IPlus2 To N
A, )=0
Next J
End If
Next |

End Sub

Sub QRutish (N, AbsErr, A, Index)
Dim X, Y, Z, SX, SY As Double

MT =0

If (Index < 0) Then MT =1

Index =0

NTotal =2 * N

SX=0

SY=0

[=N+1

Do

If (I <= 2) Then Exit Sub
Do
IFLAG =0
M=1
Index = Index + 1
=1
ForJA=2Toll
J=1+2-JA
K=J-1
X =Abs (A (J,K))/ (Abs (A (J,J)) + Abs (A (K, K) ) + AbsErr)
If (X <= AbsErr) Then
M=J
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A@J,K)=0
If (M <=(l-2)) Then Exit For
f(M=(-1))Thenl=1-1
IFLAG =1
Exit For
End If
Next JA

If IFLAG = 0 Then
If (Index <> 1) Then
SX=A(,)+A(-1,1-1)
SY=A(D*A(I-L,1-1)-A(, 1-D)*A(I-1,1)
If (SX=0And SY=0)ThenSX=A(l,I-1)

(M, M)JA(M+1,M)*(A(M,M)-SX)+AMM+1)+SY/AM+1, M)
(M,M)+AM+1,M+1)-SX

M+2,M+1)

1

NLL1=N+MT*(I-N)
NL2=1+(M-1)*MT
NL3 = NTotal + (I - NTotal) * MT
ForJ=MToIL
SumSquare =Sqr (X* X +Y*Y +Z*Z)
If (X < 0) Then SumSquare = -SumSquare
X=X+ SumSquare
Y=Y/X
Z=Z71X
X =X/ SumSquare
ForK=JToNL1
SX=A(J,K)+Y*A(J+1,K)
If (J<IL) Then SX=SX+Z*A (J +2,K)
SX=SX*X
A(J,K)=A(J, K)-SX
If(J<IL) ThenA(J+2,K)=A(J+2,K)-Z*SX
AJ+1,K)=AJ+1K)-Y*SX
Next K
For K=NL2 To NL3
JFLAG =0
If ((K>N)Or((K<J+4)And(K<=1))) Then
SX=AK,)+Y*A(K J+1)
If(J<IL) Then SX=SX+Z*A (K,J+2)

N<X><m
nhnon 3
—>>>=

f:

SX=SX*X
AK, J)=A (K, J)-SX
AKJI+1)=A(K J+1)-Y*SX
[f(J<IL) ThenA(K,J+2)=A(K,J+2)-Z*SX
End If
Next K

If (J > M) Then
A(J,J-1)=-SumSquare
AQJ+1,1-1)=0
lf(J<I-1)ThenA(J+2,J-1)=0

=
o
=
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If(J<IL) ThenY=A(J+2,7J)
If(J<I-2)ThenZ=A(J+3,J)
Next J
Else
Exit Do
End If
If (Index >= 10 * N) Then Exit Sub
Loop While (Index < 10 * N)
Loop While IFLAG =1
End Sub

Sub LRAlgorithm (N, Index, AbsErr, NComplex, A)
DimQ, X, Y, Z, R As Double

NS=2*N
NTotal = NS
If (Index <= 0) Then NS =N
=0
Do
ILoop =0
I=1+1

If (I - N >0) Then Exit Sub
If (I <N) Then
X=Abs(A(I+1,1))/(Abs (A(l,1))+Abs (A(I+1,1+1))+AbsEr)

If (X > AbsErr) Then
Y=A(D+A(I+1,1+1)
Z=A(LD*A(I+L, 1+ -A0IT+D)*A(+1,1)
X=Y*Y-4*Z

If (X >=0) Then
R =(Abs (Y) + Sqr (X)) /2
If (Y<0)ThenR=-R
If (Index < 0) Then
A(L1)=R
A(l+1,1)=Z/R
IlLoop =1

R=(A(I+1,1+)-ALN)TA(I+L,ND+A(1+1))
If (Index < 0) Then

A(,1)=Y/2

A(l+1,1)=Sar(-X)/2

NComplex (I) =1

NComplex (I +1) =2

lLoop=1
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Else
Q=1/Sqr(1+R*R)
C=Sar((Q+1)/2)
S=R*Q/C/2

End If

End If
If ILoop = 0 Then

ForJ=1To NS
Kl=|
K2=1]

If (J > N) Then
KL=1+2*N
K2=J-N

End If

Q=A(K1,K2)

A(KL,K2)=Q*C+S*A(KL+1, K2
AKL+1,K2)=A(KL1+1,K2)*C-S*Q
Next J

ForJ=1To NTotal
If((J<1+2)0r
=A

—

J>N)) Then

L) =A@, N*C+AQJ1+1)*S
3 *A(J1+1)-Q*S

If (X <0) Then
NComplex (I) =1
NComplex (I +1) =2
R=Sqr(Abs (A(I+1,1)/A(,1+1)))
ForJ=1To NTotal
AQ I+ =A0, 1+1)*R
If (J <= N) Then
A(l+1,)=A(1+1,J)/R
Elself (J <= NS) Then
A(I+2*N+1,J-N)=A(I+2*N+1,J-N)/R
End If
Next J
ILoop =1
Else
A(l+1,1h=0
End If
End If
Else
All+1,1)=0
ILoop=0
End If
End If

If (ILoop = 1) Then
[=1+1

Elself (Index < 0) Then
A, )=A(1
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Loop
End Sub

End If

Sub EigenVector (N, NVEC, NROW, NComplex, A)
Dim B, D, DB, Det, R1, R2, RI1, RI2, X (2, 2) As Double
X=N
NE =N + NROW
Do While (IX > 0)

C=A (X, IX)

1=2
If (NComplex (IX) > 0) Then

11=1
D=A(X-1,IX)

End If
IX=IX+11-3
Do While (JX > 0)

AC = A (IX, IX) - C
=2
B=0

If (NComplex (JX) > 0) Then
Ji=1
B=A(JX-1,JX)

End If

ForJ=1To?2
Forl=1To?2
X(,J)=0
Next |
Next J

Forl=11To?2
ForJ=J1To?2
X, N=A@X+I-2,1X+1-2)
AQX+J-2,IX+1-2)=0

Next |
U=(X(1,1)+X(2,2)/2
S=X(1,1)-U
V=(X(1,2)-X(2,1))/2
T=X(1,2)-V
DB=B-D

Det = AC * AC + DB * DB
R1=(U*AC+V *DB)/ Det
RI1=(V*AC - U *DB)/ Det

DB=D+B
Det = AC * AC + DB * DB
R2=(S*AC-T*DB)/Det
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RI2=(T*AC +S*DB)/ Det

X(1,1)=R1+R2
X(2,2)=R1-R2

X(1,2)=RI2-RI1
X(2,1)=RI2+RI1
ForK=1To NE

If (K>NOrK<JX+J1-2)Then
For=11To2
ForJ=J1To?2

If (K<=2*N) Then
AK JIX+1-2)=AK, IX+1-2)-X(,)*A(K, IX+J-2)
Else
AUDX+J+2*N-2,K-2*N)=A(IX+J+2*N-2,K-2*N)
+X(L)*A(IX+1+2*N-2,K-2*N)

End If
Next J
Next |
End If
Next K
JX=JX+J1-3
Loop
X=IX+11-3
Loop
End Sub

BRABITHER
P e N=2
** COLLOCATION POINTS:

0.000000E+00 3.550510E-01 8.449490E-01 1.000000E+00
**MATRIX A:

-5.00000E+00 7.53197E+00 -5.53197E+00 3.00000E+00
-1.05320E+00 -7.75255E-01 3.56784E+00 -1.73939E+00

2.53197E-01 -1.16784E+00 -3.22474E+00 4.13939E+00
-3.33333E-01 1.38214E+00 -1.00488E+01 9.00000E+00
** | APLACIAN MATRIX B:

1.46667E+01 -3.28922E+01 4.22255E+01 -2.40000E+01

7.56565E+00 -1.39024E+01 9.03367E+00 -2.69694E+00
-2.23231E+00 1.22997E+01 -3.67643E+01 2.66969E+01
-5.33333E+00 2.05925E+01 -5.12592E+01 3.60000E+01
** Radau Lobatto Qudratue Weight W:

1.1111E-01 5.1249E-01 3.7640E-01 0.0000E+00

** MODIFIED QUDRATURE VECTOR W:
6.7182E-01 1.6151E-01

11-93

“OUAL B



B fE BRI RER

** SOLUTION SERIES

*Z)
*Z)

0.80764799 * Exp (-5.135816E+00
0.02568535 * Exp (-3.461530E+01

Distance Sherwood No.
1.000E-05 4,02945658E+00
2.000E-05 4,02928359E+00
5.000E-05 4,02876488E+00
1.000E-04 4,02790133E+00
2.000E-04 4,02617782E+00
5.000E-04 4,02103578E+00
1.000E-03 4,01256009E+00
2.000E-03 3.99595711E+00
5.000E-03 3.94882933E+00
1.000E-02 3.87854958E+00
2.000E-02 3.76447643E+00
5.000E-02 3.56597956E+00
1.000E-01 3.45660296E+00
2.000E-01 3.42559623E+00
5.000E-01 3.42387738E+00
1.000E+00 3.42387714E+00

P i N=3

* COLLOCATION POQINTS:
0.000000E+00 2.123405E-01

** MATRIX A:

-8.50000E+00 1.21717E+01
-1.82214E+00 -6.34792E-01
4.34791E-01 -1.75468E+00
-1.73878E-01 5.85901E-01
2.50000E-01 -8.20328E-01

** | APLACIAN MATRIX B:
4,50000E+01 -9.22761E+01
1.94758E+01 -3.24253E+01
-2.53439E+00 1.35646E+01
2.34433E+00 -8.29001E+00
7.50000E+00 -2.41675E+01

** Radau Lobatto Qudratue Weight W:
6.2500E-02 3.2884E-01

** MODIFIED QUDRATURE VECTOR W:
4.7103E-01 3.7923E-01

* SOLUTION SERIES

0.00108049 * Exp (-1.369366E+02
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*Z)
0.11620398 * Exp (-3.731356E+01  *2)
0.78896553 * Exp (-5.122464E400  *2)

5.905331E-01

-6.59524E+00

3.98452E+00

-1.22110E+00
-1.92351E+00

2.37791E+00

8.97825E+01
1.60127E+01

-2.40446E+01

3.37020E+01
6.44785E+01

3.8819E-01

5.5996E-02

9.114120E-01

6.92349E+00

-3.49247E+00

5.04921E+00

-5.64411E+00
-1.78076E+01

-1.02506E+02
-5.55775E+00

1.91400E+01

-1.08530E+02
-1.67811E+02

2.2046E-01

1.000000E+00

-4.00000E+00

1.96488E+00

-2.50823E+00

7.15559E+00
1.60000E+01

6.00000E+01
2.49458E+00

-6.12559E+00

8.07739E+01
1.20000E+02

0.0000E+00



Distance Sherwood No.
1.000E-05 6.27065036E+00
2.000E-05 6.26974934E+00
5.000E-05 6.26704835E+00
1.000E-04 6.26255359E+00
2.000E-04 6.25358985E+00
5.000E-04 6.22690269E+00
1.000E-03 6.18309145E+00
2.000E-03 6.09787921E+00
5.000E-03 5.85988577E+00
1.000E-02 5.51330842E+00
2.000E-02 4,96395285E+00
5.000E-02 4.02915150E+00
1.000E-01 3.54064146E+00
2.000E-01 3.42002977E+00
5.000E-01 3.41497624E+00
1.000E+00 3.41497592E+00

NS

* COLLOCATION POINTS:
0.000000E+00  9.853509E-02  3.045357E-01
#* MATRIX A;
-1.85000E+01  2.56391E+01  -1.16387E+01
-4.01713E+00  -5.54653E-01 6.81054E+00
9.26443E-01  -3.46004E+00  -7.18944E-01
-3.84542E-01  1.17802E+00  -2.97498E+00
2.02548E-01  -5.83382E-01 1.15741E+00
-1.09086E-01  3.07104E-01  -5.66232E-01
1.66667E-01  -4.67082E-01 8.49409E-01
* | APLACIAN MATRIX B:
2.21667E+02  -4.28240E+02  3.54196E+02
8.59933E+01  -1.35506E+02  5.85666E+01
-TA1642E+00  3.85677E+01  -5.73481E+01
2.24642E+00  -7.77295E+00  2.99001E+01
-152801E+00  4.60480E+00  -1.04985E+01
2.96739E+00  -8.42710E+00  1.59506E+01
1.16667E+01  -3.25936E+01  5.87147E+01
** Radau Lobatto Qudratue Weight W:
2.7T78E-02 1.5982E-01 2.4269E-01
* MODIFIED QUDRATURE VECTOR W:
2.3740E-01 3.3028E-01 2.6729E-01
* SOLUTION SERIES
0.00000460 * Exp (-1.242065E+03  * 2)
0.04028875 * Exp (-1.748120E+02 *Z)
0.03172882 * Exp (-1.134879E+02 *2)
0.09660611 * Exp (-3.952764E+01 *2)
0.78970505 * Exp (-5.121676E+00 *2)

5.620252E-01

8.23274E+00

-3.95154E+00

5.06988E+00

-1.14162E+00
-3.13223E+00

1.21720E+00

-1.76076E+00

-2.75315E+02
-1.26678E+01

3.20894E+01

-5.04879E+01

4.19243E+01

-3.66895E+01
-1.18734E+02

2.6046E-01

1.1157E-01

8.019866E-01

-71.67606E+00

3.46401E+00

-3.49150E+00

5.54452E+00

-2.52508E+00
-4,07583E+00

5.18155E+00

2.64872E+02
6.00596E+00

-9.01719E+00

3.35523E+01

-8.40662E+01

1.53909E+02
3.20736E+02

2.0845E-01

1.1798E-02

FWME RHDHEX

9.601901E-01

9.94298E+00

-4.38579E+00

4.10824E+00

-5.18216E+00

9.80284E+00

-1.25597E+01
-3.99698E+01

-3.47180E+02
-5.31473E+00

6.62453E+00

-1.41981E+01

7.44210E+01

-5.24259E+02
-8.69790E+02

1.0079E-01

1.000000E+00

-6.00000E+00

2.63457E+00

-2.43407E+00

2.96075E+00

-4.92211E+00

1.57865E+01
3.60000E+01

2.10000E+02
2.92254E+00

-3.49992E+00

6.76010E+00

-2.48574E+01

3.96549E+02
6.30000E+02

0.0000E+00
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Distance Sherwood No.
1.000E-05 1.28682650E+01
2.000E-05 1.28581210E+01
5.000E-05 1.28277658E+01
1.000E-04 1.27774287E+01
2.000E-04 1.26777017E+01
5.000E-04 1.23859284E+01
1.000E-03 1.19232914E+01
2.000E-03 1.10798876E+01
5.000E-03 9.09420153E+00
1.000E-02 7.04514453E+00
2.000E-02 5.22770164E+00
5.000E-02 3.91966000E+00
1.000E-01 3.50407539E+00
2.000E-01 3.41733190E+00
5.000E-01 3.41445086E+00
1.000E+00 3.41445076E+00

[ AR B N=10

** COLLOCATION POINTS:

0.000000E+00
6.053602E-01

3.002903E-02
7.388403E-01

** SOLUTION SERIES

0.00000000 * Exp (-4.216796E+04
0.00000255 * Exp (-2.659171E+03
0.02250040 * Exp (-1.574559E+03
0.00036557 * Exp (-7.043263E+02

(.
(.
;
0.01278584 * Exp E-4.957977E+02
(_
(_
(_
(.

0.01014988 * Exp (-3.344785E+02
0.01874881 * Exp (-2.048482E+02
0.03609253 * Exp (-1.062492E+02
0.09725511 * Exp (-3.966084E+01
0.78970262 * Exp (-5.121669E+00
Distance Sherwood No.
1.000E-05 4,07918800E+01
2.000E-05 4,04092018E+01
5.000E-05 3.92921441E+01
1.000E-04 3.75293790E+01
2.000E-04 3.43455598E+01
5.000E-04 2.70226119E+01
1.000E-03 1.97616720E+01
2.000E-03 1.36273893E+01
5.000E-03 9.03272316E+00
1.000E-02 6.75628416E+00
2.000E-02 5.18498892E+00
5.000E-02 3.92710591E+00
1.000E-01 3.50389377E+00
2.000E-01 3.41728140E+00
5.000E-01 3.41444629E+00
1.000E+00 3.41444620E+00
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9.828901E-02
8.528886E-01

1.990211E-01
9.382679E-01

3.240555E-01
9.880824E-01

4.632612E-01
1.000000E+00
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AP Bt N=20
** COLLOCATION POINTS:

0.000000E+00 8.300044E-03 2.764305E-02 5.753446E-02 9.730413E-02
1.460632E-01 2.027225E-01 2.660161E-01 3.345303E-01 4.067345E-01
4.810157E-01 5.557147E-01 6.291628E-01 6.997193E-01 7.658081E-01
8.259529E-01 8.788101E-01 9.231992E-01 9.581286E-01 9.828188E-01
9.967239E-01 1.000000E+00

** SOLUTION SERIES
0.00000000 * Exp (-1.975400E+06 *Z
0.00000000 * Exp (-1.092267E+05 *Z
0.00664539 * Exp (-2.000831E+04 *Z
0.00000040 * Exp (-2.212363E+04 *Z
0.00000023 * Exp (-7.676205E+03 *Z
0.00611615 * Exp (-5.257843E+03 *Z
0.00000472 * Exp (-3.653163E+03 *Z
0.00479693 * Exp (-2.591069E+03 *Z
0.00031312 * Exp (-2.199423E+03 *Z
0.00247958 * Exp (-1.760718E+03 *Z
0.00250609 * Exp (-1.472205E+03 *Z
0.00324556 * Exp (-1.177541E+03 *Z
0.00415710 * Exp (-9.193759E+02 *Z
0.00551793 * Exp (-6.927254E+02 *Z
0.00767597 * Exp (-4.980971E+02 *Z
0.01140176 * Exp (-3.354732E+02 *Z
0.01868637 * Exp (-2.048561E+02 *Z
0.03609362 * Exp (-1.062492E+02 *Z
0.09725511 * Exp (-3.966084E+01 *Z
0.78970262 * Exp (-5.121669E+00 *Z

o . s s P P e s e e e
R U T AU U U U U U T TU U S T TU U L T TU

Distance Sherwood No.

1.000E-05 1.30464843E+02
2.000E-05 1.15993866E+02
5.000E-05 8.53555959E+01
1.000E-04 5.91404679E+01
2.000E-04 4.04373545E+01
5.000E-04 2.62594356E+01
1.000E-03 1.88365523E+01
2.000E-03 1.36350230E+01
5.000E-03 9.03973281E+00
1.000E-02 6.75455499E+00
2.000E-02 5.18508079E+00
5.000E-02 3.92710594E+00
1.000E-01 3.50389377E+00
2.000E-01 3.41728140E+00
5.000E-01 3.41444629E+00
1.000E+00 3.41444620E+00
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At h AX h Ay
« U220 +U;
=T+ L2 (11-6.20)
(Ay)
Ti,J _Ti,j +U. T, i T—l,i ny _Ti,j+1_Ti,j . 1 Ti,j+1_2Ti,j +Ti,j—1
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